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Esta tesis trata el problema del diseno de un controlador predictivo para sistemas carac-
terizados por cambios en el punto de operacion. La clasica formulacion del controlador
predictivo, para regular el sistema al nuevo punto de operaciéon deseado, garantiza
seguimiento de referencia en caso de sistemas que no estén sujeto a restricciones, pero
no resuelve el problema cuando hay restricciones. En esos casos, un cambio de referen-
cia puede producir una perdida de la factibilidad del problema de optimizacion por una
de las siguientes causas: (i) la restriccion terminal para el nuevo punto de equilibrio
puede no ser un invariante y (ii) la region terminal para el nuevo punto de operacion
podria no ser alcanzable en N pasos. Para recuperar la factibilidad, se requeriria el
recélculo del horizonte por lo que un cambio de referencia conllevaria el redisenio on-line
del controlador, lo que no serd siempre posible.

En este trabajo de tesis se presenta una nueva formulacién de control predictivo que
permite solucionar este problema. Las principales caracteristicas de esta nueva for-
mulacién son: un punto de equilibrio artificial considerado como variable de decision,



un coste que penalice la distancia entre la trayectoria predicha y el punto de equilib-
rio artificial, un coste adicional que penalice la distancia entre el punto de equilibrio
artificial y el punto de equilibrio deseado, llamado coste de offset, y una restriccion ter-
minal extendida, el conjunto invariante para seguimiento. Este controlador garantiza
estabilidad y factibilidad recursiva para cualquier cambio de referencia. En esta tesis
se demuestra que una adecuada eleccion del coste de offset garantiza la propiedad de
la optimalidad local del controlador. Ademas, se presenta una caracterizacion de las
regiones en las cuales esta propiedad se cumple.

El coste de offset juega el papel de un optimizador en tiempo real (RTO) incorporado
en el mismo controlador predictivo. Asi, este coste de offset permite trabajar con plan-
tas no cuadradas, o con puntos de operacion no alcanzables. En este ultimo caso, el
controlador lleva el sistema al punto de equilibrio mas cercano, en el sentido que se
minimiza el coste de offset. Ademas se demuestra que este coste de offset se puede for-
mular como distancia a un conjunto. Esta formulacién hace el controlador predictivo
para tracking propuesto, adecuado también para problemas de control por zonas. En
estos problemas el objetivo no es un punto fijo; es mas bien una region dentro de la
cual se desea que las salidas permanezcan. Para este caso, en la tesis se propone un
controlador robusto basado en predicciones nominales y en restricciones contractivas.
En este trabajo se trata también el tema del control de sistemas de gran escala. Estos
sistemas se pueden ver como una serie de unidades operativas, interconectadas entre
ellas. Por lo tanto, esas plantas se pueden dividir en diferentes subsistemas que co-
munican entre ellos por medio de redes de varias naturalezas. El control total de esas
plantas usando controladores centralizados - un solo agente controlando todos los sub-
sistemas - es dificil de realizarse, por un lado por la elevada carga computacional, y por
el otro lado por la dificil organizaciéon y el mantenimiento del controlador centralizado.
Por lo tanto, una estrategia de control alternativa es el control distribuido. Se trata de
una estrategia basada en diferentes agentes controlando los diferentes subsistemas, que
pueden o no intercambiar informaciones entre ellos. La diferencia entre las diferentes
estrategias de control predictivo, es la manera de tratar el intercambio de informa-
ciones. En el control distribuido noncooperativo, cada agente toma decisiones sobre
su propio subsistemas considerando solo localmente las informaciones de los otros sub-
sistemas. Las prestaciones de la planta suelen converger a un equilibrio de Nash. Los
controladores distribuidos cooperativo, por otro lado, consideran el efecto de todas las
acciones de control sobre todos los subsistemas de toda la red. Cada agente optimiza
un coste global, como por ejemplo un coste centralizado. Por lo tanto, las prestaciones
de estos controladores convergen a un equilibrio de Pareto, como en el caso central-
izado. En este trabajo de tesis se propone una estrategia de control predictivo para
seguimiento distribuido cooperativo y se demuestra que el controlador lleva el sistema
al 6ptimo del centralizado.



La tesis toma en consideracién también los sistemas nolineales. En particular, el con-
trolador propuesto se extiende al caso de sistemas no lineales y se proponen tres formu-
laciones, respectivamente con restriccion terminal de igualdad, restriccion terminal de
desigualdad y sin restriccion terminal. En particular, para la formulacién con restric-
cion de igualdad, se propone un método basado en el modelado LTV de las plantas. La
idea es disear un conjunto de controladores locales, cuya region de factibilidad cubra
el entero conjunto de puntos de equilibrio.

Finalmente, el trabajo de tesis trata el problema del diseno de controladores predictivos
con optimalidad econémica. Esta formulacién considera un funcional de coste basado
en objetivos econémicos, en lugar del clasico funcional basado en errores de seguimiento,
y provee mejores prestaciones con respeto al objetivo que los estandar controladores
para seguimiento. En la tesis se presenta un controlador predictivo econémico para
objetivos econénmicos cambiantes. Ese controlador es una formulacion hibrida entre
el control predictivo para seguimiento y el controlador predictivo econémico, dado que
hereda la factibilidad garantizada para cualquier cambio del objetivo del primero, y la
optimalidad con respeto al objetivo del segundo.
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This thesis deals with the problem of designing a model predictive controller (MPC) for
process characterized by changes in their setpoint. The traditional MPC formulation
as a regulation problem guarantees the setpoint tracking when there are no constraints
but may not solve the problem when there are constraints on the plant. In this case,
the change of setpoint may cause a loss of feasibility of the optimization problem,
mainly because of two reasons: (i) the terminal set shifted to the new operating point
may not be an admissible invariant set and (ii) the terminal region at the new setpoint
could be unreachable in N steps. In this case, a re-calculation of an appropriate value
of the prediction horizon is necessary to ensure feasibility, and this would require an
on-line re-design of the controller for each set point, which can be computationally
unaffordable.

In this thesis, a MPC formulation able to overcome this problem is presented. This
formulation is characterized by the use of an artificial steady state considered as deci-
sion variable, the use of a cost function which measures the distance of the predicted



trajectory to the artificial steady state, an additional cost that penalizes the distance
of the artificial steady state to the desired output (the offset cost function), and an
extended terminal constraint, the invariant set for tracking. The thesis proves that a
suitable choice of the offset cost function ensures the local optimality property of the
controller. Moreover, the thesis presents a characterization of the region in which this
property is ensured.

The offset cost function plays the role of a real-time optimizer (RTO) built in the
MPC controller. This offset cost function can deal with non-square plant, and with
unreachable setpoints. In this case the system is driven to the closest (in the sense the
offset cost is minimized) admissible steady state. It is also proved that this function
can be formulated as a distance to a set. This formulation makes the MPC for tracking
suitable also for zone control problems, where the desired setpoint is not a fixed-point,
but the output are desired to lie in a set. For this case, a robust MPC for tracking
formulation is also presented. This MPC is based on the calculation of nominal pre-
diction and on the use of restricted constraints.

The thesis also addresses the control problem of large scale systems consisting of many
linked units. These systems can be considered as a number of subsystems connected by
networks of different nature. The overall control of these plants by means of a central-
ized controller - a single agent controlling all subsystems - is difficult to realize, because
of the high computational burden and the difficulty of managing the interchanges of in-
formation between the single units. Hence, distributed control is an alternative control
strategy; that is, a control strategy based on different agents - instead of a centralized
controller - controlling each subsystems, which may or may not share information. The
difference between these distributed control strategies is in the use of this open-loop in-
formation: noncooperative controllers, where each agent makes decisions on the single
subsystem considering the other subsystems information only locally and which make
the plant converge to a Nash equilibrium; cooperative distributed controllers consider
the effect of the control actions on all subsystems in the network and makes the system
converge to the Pareto optimum. A cooperative distributed MPC for tracking linear
systems is presented in this thesis. The proposed MPC is able to guarantee recursive
feasibility and convergence to the centralized target.

The thesis also deals with nonlinear systems. In particular, the MPC for tracking is
extended to deal with nonlinear systems and formulated with equality terminal con-
straint, inequality terminal constraint and without terminal constraint. The calculation
of the terminal ingredients, in the case of inequality terminal constraint, is not trivial.
This thesis proposes a method for their calculation, based on an LDI. The idea is to
design a set of local predictive controllers, whose feasible regions cover the entire steady
state manifold.

Finally, the thesis focuses on the topic of economic MPC. This MPC formulation is char-



acterized by considering an economic function as stage cost, providing better optimal
performance with respect to the economic criterion. The thesis presents an economic
MPC for changing economic criteria, which is able to provide the optimality properties
of the economic MPC, and at the same time to ensure feasibility under any change of
the economic criterion, enlarging also the domain of attraction of the controller.
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CHAPTER 1

Introduction

The aim of this chapter is to describe the motivation and objectives of this thesis and
to introduce the research work done. First of all, the problem of controlling systems
characterized by changes of their operating points is introduced as motivation of this
thesis. Then, an overview of the control strategy used in this work, Model Predictive
Control (MPC), is given. Finally, the issues for which this work proposed a solution,
will be presented.

1.1 Motivation of the thesis

In recent years, operation techniques in the process industries has made important
progress, due to the need for production in a safe, clean, and competitive way and
satisfying the necessities of the market, with respect to both demand and quality. Two
reasons justify this fact: on one hand, the need to satisfy the necessities of a market
which is even more diversified because of its social and cultural habits and the need
for strict safety controls on products as well as variety and quality, which all results in
a shorter product life cycle. On the other hand, the need to favor sustainable growth,
minimizing both environmental impact and resource consumption. Both factors con-
tribute to the desire for the most efficient production which satisfies requirements and
limits imposed on the products. For all this, it is desirable to look for control tech-
niques which provide control laws that optimize some efficiency criteria and guarantee
the satisfaction of the limits imposed on the products. Model predictive control is one
of the few techniques which permit this problem to be solved (Camacho and Bordons,
2004).

Typically, in industries, the processes are operated at optimal operation points at
which they should remain in order to maximize their efficiency. However, we cannot
just talk of just one optimal operating point: processes are in fact characterized by a
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range of operating points at which they should be for a time. The selection of a point
from this range depends on the variety of product, economic request or situations in
which the plant might be.

The aim of this work is to develop an advanced control strategy for constrained
processes with changing operating points, that permits efficient, flexible and integral
operation in such a way that, using the available resources, the security and quality of
products are guaranteed.

1.2 Control of plants with changing operating points

The proposed control problem, is characterized by two main aspects, which define
the entire nature of this problem. First of all, the large range of operation of the
plant are considered, and this stresses the nonlinear nature of its dynamics (implicit in
the equations associated to mass, energy and momentum balances) and the uncertainty
level (structural and parametric) associated to its state space representation. Moreover,
it is important to remark that this kind of plant are characterized by complex dynamics,
usually defined by systems characterized by coupled algebraic, ordinary differential or
partial differential equations.

The second determining aspect is the presence of constraints. These constraints
can be limits on the manipulated variables variables, or limits on the process variables.
They can derive from the physical limits of the variables or from limits in the plant
evolution zone due to economical, environmental or operational reasons. The presence
of constraints influences systems behavior, in particular stressing their nonlinear nature.
They can also cause performance loss and instability (Mayne, 2001).

The traditional way to approach this control problem consists on a multilayer control
structure (Tatjewski, 2008). This structure is in general a hierarchical structure where
the lower level control deals with the regulation of the plant. This task is usually
done by PID or by programmable logic controllers (PLC) connected in a network. The
higher level control is usually a multivariable advanced controller, which determines
the input of the lower level control in order to keep the system at the desired operating
point. This operating point is calculated by a setpoint optimizer - a real time optimizer
(RTO) - according to data, economic criteria, or information coming from the plant.
This structure is shown in figure 1.1. The task of the high-level controller is to keep
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Figure 1.1: Hierarchical control structure.

the system at the desired operating point. When the RTO provides a change of the
setpoint, the high-level control has to react in order to move the system to the new
operating point. This task is not trivial, due to the changes of dynamics that may
appear at the new setpoint, and to the necessity of guarantee constraints satisfaction.
In order to manage significant changes of the operating point, the high-level controller
is usually designes as a two-layer structure (Becerra et al., 1998): the lower layer deals
with the regulation of the system, while the upper one has the task of adapting the
controller to the new setpoint, that is managing the transitory when the operating point
changes. This scheme is shown in figure 1.2. Adaptive controllers such as the classic
gain scheduling belong to this scheme. Another kind of adaptive advanced controllers
are the so called reference governors (Gilbert et al., 1994, 1999). The aim of the
reference governors is to manage, in a certain way, the references, in order to avoid
constraints violation when the setpoint changes. The design of this kind of controller
does not take into account the efficiency or the performance of the process. The only
aim is to avoid the violation of the limits. This aspect is discussed in (Bemporad et
al., 1997). Reference governors are also successfully used in case of nonlinear systems
(Bemporad, 1998b; Angeli and Mosca, 1999; Gilbert and Kolmanovsky, 2002).

Model predictive control (Qin and Badgwell, 1997) is one of the most successful
advanced control strategies, due to the nature of its control law, based on the mini-
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mization of a constrained optimum criterion. In the case of model predictive control,
there are a lot of formulations oriented to the management of large transitions. These
controllers are able to calculate the optimal control action on the basis of a performance
criterion, allowing significant changes of the operating point. The stability guarantee is
based on a hierarchical structure, like the one shown in figure 1.2: the higher sublevel
deals with the commutation between the predictive controller and the other controller
oriented at the recuperation of the system in case of loss of feasibility.

Integral control is another way of approaching the problem. In this case, the ad-
vanced control strategy (generally predictive control) is associated to an economical
objective. Hence, some of the optimization tasks move from the setpoint optimizer to
the advanced controller, in order to incorporate the cost associated to the transitions
into the operation point determination. In (Becerra and Roberts, 1996; Becerra et
al., 1997, 1998) a different way to integrate model predictive control with on-line op-
timization of economical objectives are considered, such as the multi-objective control
problems in which both the regulation objective and the economical one are minimized.
In (Vesely et al., 1998) a method for complex system steady state optimization that
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can be solved by means of algebraic equations, is presented. However, these works do
not provide stability, robustness and convergence studies.

In conclusion, the hierarchical structure guarantees stability and constraint satisfac-
tion but gives worse performance than integral control due to the independent design
of the control layers. The integral control structures do not provide stability and con-
straint satisfaction. Hence, in case of operating points large transition it is necessary
the design of a control strategy which permit the unification of the integral control
at only one level, minimizing a performance index and guaranteeing at the same time
constraints satisfaction and stability.

Model predictive control (MPC) is one of the most successful techniques of advanced
control in the process industry (Camacho and Bordons, 2004), because it allows the
control of systems subjected to constraints, minimizing an optimum criterion and guar-
anteeing stability and convergence to the equilibrium point (Mayne, 2001; Rawlings and
Mayne, 2009). In figure 1.3 is shown how the predictive controller replaces the two-
layer control structure. Hence, in this thesis, it is proposed as the strategy to approach
the considered problem.

Model predictive control has been one of the hot topic in the academy in the last
years, and now the control problem and the theoretical framework are well understood
(Mayne et al., 2000; Rawlings and Mayne, 2009; Limon, 2002). Moreover, it has been
proved that MPC is also a powerfull control strategies for the case of robust control
problems with constraints (Mayne et al., 2000; Limon, 2002; De Nicolao et al., 1996;
Magni et al., 2001c; Fontes and Magni, 2003; Limon et al., 2005, 2006a). The stabilizing
design of MPC controllers is based on the calculation of invariant sets (Blanchini, 1999;
Bertsekas, 1972).

In the case of linear system with or without uncertainties, there exist efficient control
strategies which allows to control the plant ensuring stability and constraints satisfac-
tion. Some techniques in order to simplify the optimization problem allowing its online
solution have been proposed in (Alamo et al., 2005). At the same time, techniques
devoted to the calculation of the explicit solution of the MPC have been presented in
(Bemporad et al., 2002; Jones et al., 2007; Zeilinger et al., 2008; Jones and Morari,
2010).

As for nonlinear systems, the control problem is more complex and requires the solu-
tion of a nonlinear optimization problem. In order to relax the computational burden,
conditions for ensuring stability even in case of suboptimal solutions of the optimiza-
tion problem, have been proposed in (Scokaert et al., 1999). Robust nonlinear model
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predictive control has achieved great results in the last years (Magni et al., 2001c;

Limon et al., 2006a, 2009a), but its high computational burden makes this problem

still open.

1.3 Model Predictive Control

One of the most successful control techniques for constrained systems is model predic-

tive control (MPC). The main idea of MPC is to use a dynamic model of a system to

forecast system behavior and, based on this prediction, take the best decision (Rawl-

ings and Mayne, 2009). MPC is capable of ensuring an admissible evolution of the

system while optimizing the closed-loop performance measured by a cost function that

takes into account the error with the desired setpoint. The cost function is based on

the prediction of the future evolution of the system by means of the prediction model
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of the form
z(j +1) = f(z(5),u(y))

The cost function usually considered is in the form:

=2

Vn(ziu) = > £(z(4),u(j)) + Vi(z(N)),

J

I
o

where u(j) is the future sequence of control action computed at the current sampling
time k, and z(j) is the predicted state at sampling time k, considering that x(0) = x.
The function ¢(x,u) is known as stage cost, while the cost-to-go Vy(z) is the terminal
cost function.

The best decision is taken by optimizing the cost function: the optimal future se-
quence u’ of control actions is computed to minimize the predicted cost while satisfying
the constraints. This optimization problem is mathematical programming problem that
can be posed as follow:

minVy (z,u)
u

s.t.
z(0) = =z,
z(j +1) = f(z(5), u()),
u(j) €U j=0,--- N—1
z(j) € X j=0,---,N—1
z(N) € Q

The additional constraint on the terminal state is added for ensuring stability.

The feedback is achieved by means of the receding horizon technique: the first
element of the optimal control sequence u’ is applied to the system and the optimization
problem is re-computed at each sample time. Thus, the control law is given by

h(z) = u’(0;2)

The optimal performance in MPC would be achieved if the whole predicted evolution
of the system would be considered, but this leads to an infinite-horizon approach that
cannot, in general, be solved. Thus, MPC considers a finite prediction horizon, which
makes the problem tractable at the expense of the loss of the good properties of the
optimal control problem, such as stability and inherent robustness. To overcome this
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problem, some additional conditions must be considered in the controller design (Mayne
et al., 2000; Rawlings and Mayne, 2009).

There exist different stabilizing formulations of MPC:

e MPC with terminal equality constraint (Kwon and Pearson, 1977): the stability
condition is adding an additional constraint over the state at the end of horizon
x(N) (terminal state) called terminal constraint:

z(N) =z}

s

where z} is the desired steady state.

e MPC with terminal cost (Bitmead et al., 1990): the stability condition is adding
a new term to the cost function that penalizes the state at the end of the horizon.

e MPC with inequality terminal constraint (Michalska and Mayne, 1993): The
terminal equality constraint is replaced by a set () that has to fulfil certain con-

ditions.
z(N) € Q

This approach provides a larger domain of attraction and less numerical problems
than the equality constraint approach.

e MPC with terminal cost and constraint (Sznaier and Damborg, 1987): This ap-
proach is the result of the union of the last 2 techniques, adding a terminal cost
to the cost function and using an inequality terminal constraint.

In (Mayne et al., 2000) and (Rawlings and Mayne, 2009) all these formulations are
analyzed and it is established that adding a terminal cost together with a suitable ter-
minal constraint has resulted to be essential to the stabilizing design. These conditions
can be write down as follows:

Let © be a set in R”, let Vi(z) be a positive definite function, continuous at the
origin and let h(z) be a control law such that,

e forall z € Q C X, then f(z,h(z)) € Q and h(z) € U
e for all x € ), we have that

Vi(f(z, h(zx)) = Vi(x) < —€(x, h(x))
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Based on this, the optimal cost can be considered as a Lypaunov function: the invariant
condition on terminal set € ensures feasibility of the closed-loop evolution of the system,
while the condition on terminal function V;(z) guarantees convergence.

1.3.1 MPC and the setpoint changes

Usually, a higher level real time optimizer provides to the process plant a target or
desired setpoint. If this operating point changes then the lower level control law must
deal with this setpoint change. The classic solution is to translate the system to the
new steady state (Muske and Rawlings, 1993). This solution guarantees the setpoint
tracking when there are no constraints but may not solve the problem when the plant
has constraints.

If the optimal control law is calculated by means of an infinite horizon regulator,
any admissible setpoint can be tracked in an admissible way, for the nominal case.
However, the computational effort to calculate an infinite horizon optimal control law
is unaffordable due to the presence of constraints, and hence finite prediction horizons
N are usually considered. In this case, the change of setpoints can produce a loss of
feasibility of the optimization problem, mainly because the terminal region at the new
setpoint could be unreachable in N steps, which makes the optimization problem un-
feasible for not fulfilling the terminal constraint. Moreover, the terminal set calculated
for a certain equilibrium point may not be an invariant set for the new setpoint. In
this case, a re-calculation of an appropriate value of the prediction horizon is necessary
to ensure feasibility. Therefore, this would require an on-line re-design of the controller
for each setpoint, which can be computationally unaffordable.

Example 1.1 Consider a LTI system given by:

11 0.0 0.5
A_{o 1]’3_{1.0 0.5]’0_[1 0]

The system is constrained to ||z]ls < 5 and ||u|le < 0.3. Consider also an MPC with

weighting matrices QQ = Iy and R = I5.

In figure 1.4 the loss of feasibility problem under a setpoint change is illustrated.
Consider that the current state is xq,the current target is ri, the set Oy (r1) is the
mazimal invariant set for the system controlled by u = K (x — x1) +uy, (where (x1,uy)
is the steady state and control action for the system at setpoint 1) which is the terminal
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constraint for an MPC controller with horizon N = 3; in this case, the domain of
attraction of the controller is X3(r1), drawn in dashed-dotted line. Suppose that the
setpoint changes to ro at a certain sampling time. The first consequence is that set
Oxo(r1) translated to the steady state corresponding to ro is not an admissible invariant
set, since the constraint would be clearly violated. This leads to a loss of feasibility.
Consider, then a new controller with invariant set O (r1) and domain of attraction
X3(rg), plotted in dashed line. Due to the fact that xo is not into X3(rs), the MPC with
this horizon is unfeasible. In order to recover feasibility, the prediction horizon should
be enlarged to N = 6.

Figure 1.4: Loss of feasibility of the optimization problem derived from a non-admissible
terminal condition or a short horizon.

This simple example shows how a setpoint change can produce a loss of feasibility
deriwed from a non-admissible terminal condition or a short horizon.



Chapter 1. Introduction 11

1.3.2 MPC and the tracking problem

In order to overcome the loss of feasibility problem several solutions have been pro-
posed: in (Rossiter et al., 1996; Chisci and Zappa, 2003) an auxiliary controller that
is able to recover feasibility in finite time is used leading to a switching strategy. The
controllers proposed in (Pannocchia and Rawlings, 2003; Pannocchia, 2004; Pannocchia
and Kerrigan, 2005) consider the change of the setpoint as a disturbance to be rejected,
thus, this technique is able to steer the system to the desired setpoint, but only when
the variations of the setpoint are small enough, providing a conservative solution.

A different approach has been proposed in the context of the reference governors
(Gilbert et al., 1999; Bemporad et al., 1997). This control technique assumes that
the system is robustly stabilized by a local controller, and a nonlinear filtering of
the reference is designed to ensure the robust satisfaction of the constraints. These
controllers ensure robust tracking without considering the performance of the obtained
controller nor the domain of attraction.

The problem of tracking in the case of nonlinear MPC has been considered in many
works in literature. In (Findeisen et al., 2000) a nonlinear predictive control for set-
point families is presented, which considers a pseudolinearization of the system and
a parametrization of the setpoints. The stability is ensured thanks to a quasi-infinite
nonlinear MPC strategy, but the solution of the tracking problem is not considered. In
(Magni et al., 2001b) an output feedback receding horizon control algorithm for nonlin-
ear discrete-time systems is presented, which solves the problem of tracking exogenous
signals and asymptotically rejecting disturbances generated by a properly defined ex-
osystem. In (Magni and Scattolini, 2005) an MPC algorithm for nonlinear systems is
proposed, which guarantees local stability and asymptotic tracking of constant refer-
ences. This algorithm need the presence of an integrator preliminarily plugged in front
of the system to guarantee the solution of the asymptotic tracking problem. In (Magni
and Scattolini, 2007) an MPC algorithm for continuous-time, possibly non-square non-
linear systems is presented. The algorithm guarantees the tracking of asymptotically
constant reference signals by means of a control scheme were the integral action is
directly imposed on the error variables rather than on the control moves.

In (Limon et al., 2008a) a novel MPC for tracking is proposed, which is able to lead
the system to any admissible setpoint in an admissible way. The main characteristics
of this controller are: an artificial steady state considered as a decision variable, a
cost that penalizes the error with the artificial steady state, an additional term that
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penalizes the deviation between the artificial steady state and the target steady state
(the so-called offset cost function) and an extended terminal constraint, the invariant
set for tracking. This controller ensures that under any change of the steady state
target, the closed-loop system maintains the feasibility of the controller, converging to
the target if admissible. The additional ingredients of the controller have demonstrated
to affect the closed-loop performance of the controlled system (Alvarado, 2007).

1.4 Robustness in Model Predictive Control

It is well known that under mild conditions, MPC is able to ensure some degree of
robustness (Scokaert et al., 1997; De Nicolao et al., 1996; Limon et al., 2002). When
the uncertainties are big enough, a robust design must be accomplished. To this aim,
an uncertainty model must be considered; this is typically considered as an external
disturbance acting on the dynamics in a parametric way or by means of an additive
term in the model function.

The traditional way of dealing with uncertainties in MPC is considering all their
possible realizations in the formulation of the optimization problem. In this way, the
constraints on state and input have to be fulfilled in a robust way, that is taking into
account all their possible realizations throughout the predicted evolution of the system.
The cost function, hence, can be based on nominal predictions, or can take into account
the uncertainties considering the worst-case scenario. This is the main idea of the so-
called min-max formulation (Fontes and Magni, 2003; Limon et al., 2006a; Mayne,
2001; Raimondo et al., 2009). Another way to deal with uncertainties is by adding, in
the stage cost, an extra term that penalizes the possible uncertainties, like in the Hy
formulation (Magni et al., 2001c).

These solutions for the robust problem are conservative solutions, due to the open-
loop prediction that characterize MPC. To this aim, in literature there are lots of work
based proposing a closed-loop formulation (Scokaert and Mayne, 1998; Lee and Yu,
1997; Kerrigan and Maciejowski, 2004; Mayne et al., 2006). In this formulation, the
control problem is based on the calculation of a sequence of control laws, which how-
ever gives a infinite-dimensional optimization problem. As a consequence, this solution
seems to be only theoretical (Mayne et al., 2000).

A particular formulation of closed-loop robust MPC, is the one proposed in (Kothare
et al., 1996). In this formulation, the disturbed plant is considered as a convex combi-
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nation of linear plants, and hence the control problem consist in finding a linear control
law that stabilizes all the plants.

A trade-off solution between the open and the closed-loop formulations is to add
a robustly pre-stabilized plant (Bemporad, 1998a; Chisci et al., 2001). This solution
enhances robustness, while the optimization problem can be cast as a mathematical
programming problem similar to the open-loop formulation. A recent novel robust
MPC of this class based on the notion of a tube of trajectories has been proposed
(Langson et al., 2004). Using this notion, an enhanced tube-based robust MPC con-
troller has been proposed in (Mayne et al., 2005). This controller exploits the notion
of invariant sets to obtain a robust control law based on nominal predictions.

Recently, in (Limon et al., 2009a), input-to-state stability (ISS) has been presented
as a unified framework for the analysis of the stabilizing properties of MPC in presence
of disturbances.

1.5 The zone control problem

In many cases, the optimal economic steady state operating condition is not given by
a point in the output space (fixed set-point), but is a region into which the output
should lie most of the time. In general, based on operational requirements, process
outputs can be classified into two broad categories: (i) set-point controlled, outputs to
be controlled at a desired value, and (ii) set-interval controlled, outputs to be controlled
within a desired range. For instance, production rate and product quality may fall into
the first category, whereas process variables, such as level, pressure, and temperature
in different units/streams may fall into the second category. There are many reasons
for using set-interval control in real applications. One reason can be the necessity of
let the output lying in a zone, for some economic reason. Another one may be the
presence of too much controlled outputs, and a few number of manipulated variables
to control them. Conceptually, the output intervals are not output constraints, since
they are steady state desired zones that can be transitorily disregarded, while the
(dynamic) constraints must be respected at each time. In addition, the determination
of the output intervals is related to the steady state operability of the process, and
it is not a trivial problem. An important aspect is the compatibility between the
available input set (given by the input constraints) and the desired output set (given
by the output intervals). In (Vinson and Georgakis, 2000) and (Lima and Georgakis,
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2008), for instance, an operability index that quantify how much of the region of the
desired outputs can be achieved using the available inputs, taking into account the
expected disturbance set, is defined. As a result a methodology to obtain the tightest
possible operable set of achievable output steady state is derived. Then, the operating
control intervals should be subsets of these tightest intervals. In practice, however, the
operators are not usually aware of these maximum zones and may select control zones
that are not fully consistent with the maximum zones and the operating control zones
may be fully or partly unreachable. The MPC controller has to be robust to this poor
selection of the control zones.

From the point of view of the controller, several approaches have been developed to
account for the set-interval control. (Qin and Badgwell, 2003), describes a variety of
industrial controller and mentions that they always provide a zone control option. That
paper presents two ways to implement zone control: 1) defining upper and lower soft
constraints, and 2) using the set-point approximation of soft constraints to implement
the upper and lower zone boundaries (the DMC-plus algorithm). One of the main
problems of these industrial controllers (as was stated in the same paper) is the lack
of nominal stability. A second example of zone control can be found in (Zanin et al.,
2002), where the authors exemplify the application of this strategy to a FCC system.
Although this strategy has shown to have an acceptable performance, stability cannot
be proved, even if an infinite horizon is used, since the control system keeps switching
from one controller to another throughout the continuous operation of the process.
A third example is the closed-loop stable MPC controller presented in (Gonzalez and
Odloak, 2009). In this approach, the authors develop a controller that considers the
zone control of the system outputs and incorporates steady state economic targets
in the control cost function. Assuming open-loop stable systems, classical stability
proofs are extended to the zone control strategy by considering the output set-points
as additional decision variables of the control problem. Furthermore, a set of slack
variables is included into the formulation to assure both, recursive feasibility of the
on-line optimization problem and convergence of the system inputs to the targets.
This controller, however, is formulated for stable open-loop stable systems, and since
it considers a null controller as local controller, it does not achieve local optimality. An
extension of this strategy to the robust case, considering multi-model uncertainty, was
proposed in (Gonzélez et al., 2009).
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1.6 Optimization of process economic performance

As already discussed in section 1.2, the standard structure of all industrial advanced
control systems is characterized by a two-layer structure. The first level performs a
steady state optimization, and it is usually called as Real Time Optimizer (RTO).
The RTO determines the optimal setpoints and sends them to the second level, the
advanced control systems, which performs a dynamic optimization. In many control
process, MPC is the advances control formulation chosen for this level (Rawligns and
Amrit, 2009).

The issue of this structure are related on the role of the RTO. The real-time op-
timizations that this level performs are usually based on the stationary model of the
plant. Each sample time the economic criterion is optimized, in order to achieve the
best value of the steady state variables for the stationary plant. The result if this
optimization is passed to the advanced controller as a setpoint. The problem is that,
usually, this setpoint results to be inconsistent or unreachable with respect to the
dynamic layer, and this happens mainly because of the discrepancies between the sta-
tionary model of the RTO and the dynamic model used for regulation. In (Rao and
Rawlings, 1999) the authors propose some methods for solving this problems and find-
ing a reachable steady state as close as possible to the unreachable setpoint provided
by the RTO.

An hot topic in in control literature is nowadays the design economic controllers.
This kind of controllers are defined economic because the optimization performed by
the RTO is not a standard steady state optimization based on the dynamic of the
system. What the RTO minimizes is an economical criterion based on some aspects
like the demand of production of the process. Hence, the optimal setpoint calculated
by the RTO may not coincide with the dynamic steady state of the system (Kadam
and Marquardt, 2007).

The interest of (Rawligns and Amrit, 2009) is that it pointed out the advantage
of using the advanced control layer - the dynamic MPC lawyer- to perform the eco-
nomic optimization. They first explore the case of unreachable setpoints and show
that sometimes, it is better no to reach the steady state quickly. They also consider
the case of replacing the setpoint objective function with a cost function minimizing
some economic criterion. A stable MPC for the case of unreachable setpoints is pre-
sented in (Rawlings et al., 2008), while in (Wiirth et al., 2009) a stable infinite-horizon
(nonlinear) economic controller is presented. Stability using the standard framework
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of Lyapunov function is proved in (Diehl et al., 2011) and (Huang et al., 2011).

1.7 Large scale systems

In the process industries, plants are usually considered as large scale systems, con-
sisting of linked unit of operations. Therefore, they can be divided into a number of
subsystems, connected by networks of different nature, such as material, energy or in-
formation streams (Stewart et al., 2010). The overall control of these plants by means of
a centralized controller - a single agent controlling all subsystems - is difficult to realize.
The issue is not just a computational problem. Nowadays, the increased computational
power, faster optimization solver, and specific algorithms designed for large scale sys-
tems, makes the centralized control task realizable (Bartlett et al., 2002; Pannocchia
et al., 2007). Since each subsystem undertakes a different task, in order to achieve its
optimal economic performance, sometimes it has to disregard other subsystems infor-
mation. In some other case, the interchange of information between subsystem results
to be important in order to achieve optimal performance. The real issue is the or-
ganization and the maintenance of centralized controllers. Another common way to
control an overall plant is given by decentralized controller. In this formulation, each
subsystem is controlled independently, without interchange of information between dif-
ferent subsystems. The information that flows in the network is usually considered as a
disturbance by each subsystem (Huang et al., 2003; Sandell Jr. et al., 1978; Raimondo
et al., 2007a; Magni and Scattolini, 2006). The drawback of this control formulation
is the big loss of information when the interaction between subsystems are strong (Cui
and Jacobsen, 2002).

An hot topic in the control community is nowadays distributed control, that is, a
control strategy based on different agents - instead of a centralized controller - control-
ling each subsystems, which may or may not share information. There are different
distributed control strategies proposed in literature. The difference between these dis-
tributed control strategies is in the use of this open-loop information, allowing to define
basically to kind of distributed control formulations: noncooperative controllers and
cooperative controllers. In noncooperative controllers, each agent makes decision on
the single subsystem considering the other subsystems information only locally (Cam-
ponogara et al., 2002b; Dunbar, 2007). This strategy is usually referred as noncooper-
ative dynamic game, and the performance of the plant converge to a Nash equilibrium
(Bagar and Olsder, 1999). Cooperative distributed controllers on the other hand, con-
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sider the effect of all the control actions on all subsystems in the network (Venkat, 2006;
Pannocchia et al., 2009; Stewart et al., 2010). Each controller optimize an overall plant
object function, such as the centralized object. Cooperative control makes the system
converging to the Pareto optimum, that is the centralized performance. Cooperative
control is a form of suboptimal control for the overall plant, and therefore stability is
proved resorting to suboptimal control theory (Stewart et al., 2010; Scokaert et al.,
1999).

MPC is one of the most used control structure to cope with distributed control
(Rawlings and Mayne, 2009, Chapter 6). In (Magni and Scattolini, 2006) an MPC ap-
proach for nonlinear systems is proposed, where no information is exchanged between
the local controllers. An input-to-state stability proof for this approach is given in
(Raimondo et al., 2007b). In (Liu et al., 2009, 2008) the authors present a controller
for networked nonlinear systems, which is based on a Lyapunov-based model predictive
control. In (Venkat et al., 2007; Stewart et al., 2010) a cooperative distributed MPC
is presented, in which suboptimal input trajectories are used to stabilize the plant.

1.8 Contributions of this thesis

The objective of this thesis is to study the tracking problem in model predictive control
for linear and nonlinear systems, analyzing in particular some issues like loss of feasi-
bility, optimality, economic optimality, zone control problems. In particular the MPC
for tracking (Limon et al., 2008a) is studied and extended to some control problems
like optimal MPC, zone control, nonlinear MPC, economic MPC, distributed MPC.

1.8.1 MPC for tracking with optimal closed-loop performance

In chapter 2, an enhanced formulation of the MPC for tracking (Limon et al., 2008a)
is presented. The proposed controller inherits the main ingredients from the MPC for
tracking (Limon et al., 2008a), which are:

e An artificial steady state considered as a decision variable.

e A cost function that penalizes the error with the artificial steady state.
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e An additional term that penalizes the deviation between the artificial steady state
and the target, (the so-called offset cost function).

e An invariant set for tracking considered as extended terminal constraint.

In this chapter, the MPC for tracking is extended considering a general offset cost
function. Under some sufficient conditions, this function ensures the local optimality
property, letting the controller achieve optimal closed-loop performance. Moreover, the
chapter presents a characterization of the region of local optimality and a non-expensive
way to calculate it.

Besides, this novel formulation allows to consider any set of process variables as
target which makes the controller suitable for non-square plants. Furthermore, the
proposed MPC for tracking deals with the case that the target to track does not fulfil
the hard constraints or this is not an equilibrium point of the linear model. In this
case the proposed controller steers the system to an admissible steady state (different
to the target) which minimizes the offset cost function. This property means that the

offset cost function plays the same role as a real time optimizer, which is built in the
proposed MPC.

1.8.2 MPC for tracking target sets

In chapter 3 the application of MPC for tracking to the zone control problems, is
presented. The problem is addresses by designing an MPC for tracking a certain set,
not a fixed point. To this aim, the concept of distance to a set is introduced and
exploited for the design of the MPC control law. The proposed controller ensures
recursive feasibility and convergence to the target set for any stabilizable plant. This
property holds for any class of convex target sets and also in the case of time-varying
target sets. For the case of polyhedral target sets, several formulations of the controller
are proposed that allows to derive the control law from the solution of a single quadratic
programming problem. One of these formulations allows also to consider target points
and target sets simultaneously in such a way that the controller steers the plant to the
target point if reachable while it steers the plant to the target set in the other case.
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1.8.3 Robust MPC for tracking based on nominal predictions

Chapter 4 deals with the problem of robust tracking of uncertain linear systems. A
robust MPC based on nominal predictions is presented. The controller presented in
(Ferramosca et al., 2010a) and chapter 3 is extended to cope with the problem of ro-
bust tracking of target sets in presence of additive disturbance. The proposed controller
uses the results presented in (Chisci et al., 2001), in which an MPC based on nominal
predictions and restricted constraints is presented, which ensures stability, robust satis-
faction of the constraints and recursive feasibility. The plant is assumed to be modeled
as a linear system with additive uncertainties confined to a bounded known polyhedral
set. Under mild assumptions, the proposed MPC is feasible under any change of the
controlled variables target and steers the uncertain system to (a neighborhood of) the
target if this is admissible. If the target is not admissible, the system is steered to the
closest admissible operating point.

1.8.4 Distributed MPC for tracking

In chapter 5 a distributed MPC for tracking control strategy for constrained linear
system is presented. In particular the MPC for tracking presented in chapter 2 is
extended to the case of large scale distributed systems.

Among the different solutions presented in literature, this chapter particularly fo-
cuses on the cooperative formulation for distributed MPC presented in (Rawlings and
Mayne, 2009, Chapter 6), in (Venkat, 2006) and in (Stewart et al., 2010). In this
formulation, the players share a common objective, which can be considered as the
overall plant objective. This means that any player calculates its corresponding inputs
by minimizing the same and unique cost function, by means of an iterative (and hence
suboptimal) distributed optimization problem. Stability is proved by means of sub-
optimal MPC theory (Scokaert et al., 1999). Convergence to the centralized optimal
target and recursive feasibility after any change of the operation point, are guaranteed
by means of a centralized target problem solution and the use of a specific warm start
algorithm.
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1.8.5 MPC for tracking constrained nonlinear systems

Chapter 6 deals with the problem of design a MPC control strategy for tracking in case
of constrained nonlinear systems.

The controller presented in this chapter inherits the main features of the one pre-
sented in chapter 2. Particular interest presents, in this context, the calculation of
the terminal ingredients. Three formulations of the controller are presented, which
consider respectively the cases of terminal equality constraint, terminal inequality con-
straint and no terminal constraint.

As for the case of terminal inequality constraint, in particular, a method for the
calculation of the terminal constraint is proposed, based on the LTV modeling tech-
nique and the partition method proposed in (Wan and Kothare, 2003a,b). The idea
is to design a set of local predictive controllers, whose feasible regions cover the entire
steady state manifold.

1.8.6 Economic MPC for a changing economic criterion

Recently, a new MPC formulation aimed to consider an economic performance stage
cost instead of a tracking error stage cost, has been proposed in (Rawlings et al., 2008;
Diehl et al., 2011). In (Rawlings et al., 2008; Diehl et al., 2011) the authors show that
this controller is stable and asymptotically steers the system to the economically opti-
mal admissible steady state, and that the controlled system exhibits better performance
with respect to the setpoint than standard target-tracking MPC formulations.

If the economic criterion changes, the economically optimal admissible steady state
where the controller steers the system may change, and the feasibility of the controller
may be lost. In chapter 7, an economic MPC for a changing economic criterion is pre-
sented. This controller result to be an hybrid formulation of both the MPC for tracking
(Limon et al., 2008a; Ferramosca et al., 2009a) and the economic MPC (Rawlings et
al., 2008; Diehl et al., 2011), since it inherits the feasibility guarantee of the MPC for
tracking and the optimality with respect to the setpoint of the economic MPC.
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CHAPTER 2

MPC for tracking with optimal
closed-loop performance

2.1 Introduction

Most of the MPC stability and feasibility results consider the regulation problem, that
is steering the system to a fixed steady state (typically the origin). It is clear that
for a given non-zero setpoint, a suitable choice of the steady state can be chosen and
the problem can be posed as a regulation problem translating the state and input of
the system (Muske and Rawlings, 1993). However, since the stabilizing choice of the
terminal cost and constraints depends on the desired steady state, when the target
operating point changes, the feasibility of the controller may be lost and the controller
fails to track the reference (Rossiter et al., 1996; Bemporad et al., 1997; Pannocchia
and Kerrigan, 2005; Alvarado, 2007), thus requiring to re-design the MPC at each
change of the reference. The computational burden that the design of a stabilizing
MPC requires may make this approach not viable. For such case, the steady state
target can be determined by solving an optimization problem that determines the
steady state and input targets. This target calculation can be formulated as different
mathematical programs for the cases of perfect target tracking or non-square systems
(Muske, 1997), or by solving a unique problem for both situations (Rao and Rawlings,
1999). In (Limon et al., 2008a) an MPC for tracking is proposed, which is able to lead
the system to any admissible setpoint in an admissible way. The main characteristics of
this controller are: an artificial steady state is considered as a decision variable, a cost
that penalizes the error with the artificial steady state is minimized, an additional term
that penalizes the deviation between the artificial steady state and the target steady
state is added to the cost function (the so-called offset cost function) and an invariant
set for tracking is considered as extended terminal constraint. This controller ensures
that under any change of the steady state target, the closed-loop system maintains the
feasibility of the controller and ensures the convergence to the target if admissible.
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However, some problems still remain open in the formulation of the MPC for track-

ing. These are mainly two: the potential loss of the optimality property due to the
addition of the artificial steady state together with the proposed cost function and the
convergence of the closed-loop system when the target is not reachable (due to the con-
straints and /or inconsistency with the equilibrium point equation). In this chapter, the
MPC for tracking is extended considering a general offset cost function. Under some
mild sufficient conditions, this function ensures the local optimality property, letting
the controller achieve optimal closed-loop performance.
Besides, this novel formulation allows to consider any set of process variables as target
which makes the controller suitable for non-square plants. Furthermore, the proposed
MPC for tracking deals with the case that the target to track does not fulfil the hard
constraints or this is not an equilibrium point of the linear model. In this case this
control law steers the system to an admissible steady state (different to the target)
which minimizes the offset cost function. This property means that the offset cost
function plays the same role that the cost function of a steady state target optimizer
which is built in the proposed MPC.

2.2 Problem Description

Let a discrete-time linear system be described by:
" = Az + Bu (2.1)
y = Cx+ Du

where z € R" is the current state of the system, u € R™ is the current input, y € R?
is the controlled output and x™ is the successor state. The solution of this system for
a given sequence of control inputs u and initial state = is denoted as x(j) = ¢(j; x,u),
j € Isg, where x = ¢(0; 2, u). Note that no assumption is considered on the dimension
of the states, inputs and outputs and hence non square systems (namely p > m or
p < m) might be considered.

The controlled output is the variable used to define the target to be tracked by the
controller. Since no assumption is made on matrices C' and D, these variables might
be (a linear combination of) the states, (a linear combination of) the inputs or (a linear
combination of) both.

The state of the system and the control input applied at sampling time & are denoted
as z(k) and u(k) respectively. The system is subject to hard constraints on state and
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control:
(x(k),u(k)) € Z

for all k > 0. Z C R™™ is a compact convex polyhedron containing the origin in its
interior.

Assumption 2.1 The pair (A,B) is stabilizable and the state is measured at each
sampling time.

The problem we consider is the design of an MPC controller xy(x) to track a
(possible time-varying) target output y;. If y; is an admissible steady output (that
is, the corresponding operation point fulfils the constraints), the closed loop system
evolves to this target without offset. If y; is not consistent with the linear model
considered for predictions, namely, it is not a possible steady output of system (2.1)
or this is not admissible, the closed-loop system evolves to an admissible steady state
which minimizes a given performance index.

2.3 Preliminary results

The MPC for tracking (Limon et al., 2008a; Alvarado, 2007) is capable to ensure
feasibility under any change of setpoint due to the use of three main ingredients: the
artificial reference, the so-called offset cost function and the invariant set for tracking.

In this section, the meaning and the role of these ingredients will be introduced.

2.3.1 Characterization of the steady state of the system

In this work, as in (Limon et al., 2008a), the term artificial reference will denote an
admissible equilibrium point of the system, which is used as auxiliary reference to track,
due to the constrained optimal control problem solved at any time instant k.

Consider a given steady output y;. The aim of this section is to derive a charac-
terization of the steady state and input (xs, us) which provides the desired output (if



26 2.3. Preliminary results

admissible), i.e. y, = Cxgs + Dus. If y; is not a possible steady output of system (2.1)
or it is not admissible, the steady state of the system is determined by a steady output
that is the minimizer of a certain performance index, the offset cost function. This
function will be introduce in the next section.

Under assumption 2.1, any steady state and input of system (2.1) associated to v

-
Us Yt

, F= [ 0;:’ ] (2.3)

Ezs:Fyt

must satisfy the following equation:

A-1, B
C D

Denoting z; = (2, us) and

A-1I, B
C D

E =

equation (2.2) can be written as

In (Limon et al., 2008a) the authors state that the steady state and input (zs, us)
of the system can be parameterized as a linear combination of a vector # € R™, that is

(s, us) = Myl (2.4)

where matrix M is such that
[A—1I, B]My =0

The steady controlled outputs are given by

where Ny = [C' D] M.

The dimension of 8 is m, which is the dimension of the subspace of steady states
and inputs that can be parameterized by a minimum number of variables. Hence,
equation (2.4) represents a mapping of (zs,us) and y; onto the subspace of 6. The set
of setpoints y; that can be admissibly reached is the subspace spanned by the columns
of Ny. Then this set depends on the rank of matrix £. Defining as r the rank of matrix
E and as 7, the rank of matrix /Ny, we have these two cases:
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1. If r = n + p, then r, = p. Hence, the system can be steered to any setpoint ;.

2. If r < n+p then r, < p. This implies that equation (2.2) has a solution only for
those setpoints y; contained in the linear subspace spanned by the columns of Ny,
and hence not every reference y; can be reached. The usual way of overcoming this
problem is re-defining the system: new controlled variables, y. € RP¢ with p. < r,
are taken; these new controlled variables are chosen as a linear combination of
the actual outputs, i.e. y. = L.y = L.Cx 4+ L.Du. Matrix L. must be such that
the rank of the new matrix

A-1I, B

E.=
L.C L.D

is full row rank, i.e. its rank is n + p..

Since the system is constrained, it should be steered to those steady states that satisfy
the constraints. The set of these admissible steady states and inputs is defined as

Zs={z=(z,u): z€ Z,and (A —I,,)r + Bu =0}
Thus, the set of admissible steady states and the set of admissible inputs is defined as
X5 = Proj.(Zs), Us = Proj.(Zs)
respectively. The set of all admissible setpoints is denoted as Y and it is given by
Ys ={y € R : Iz, = (x5, us) € A2, such that y = Czy + Dug}

with A € (0,1). For a given admissible setpoint y; € Y, the steady state and input, i.e.
Zs, such that the corresponding output is equal to y; is unique if and only if the rank
of E is equal to n + m. If the rank of E is less than n + m, then there exists infinite
steady states and inputs z; such that the associated output is equal to y;.

2.3.2 The offset cost function

In this section the offset cost function and its role in the MPC for tracking are presented.

In the MPC for tracking (Limon et al., 2008a; Alvarado, 2007), in order to ensure
the feasibility of the problem for any desired setpoint, an artificial steady augmented
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state z; = (x5, us) = Mp0 is introduced as a decision variable in the minimization of the
performance index. This means that, at any time k£ the controller finds an optimum
steady state (zs,us) to which the system can converge maintaining the feasibility of
the problem. Convergence to the desired setpoint is ensured by adding a term Vp =
160 — 60:]|% in the cost function (offset cost) that penalizes the deviation between the
desired steady state (6;) and the artificial one (6).

In this work, a new formulation of the offset cost function is used. For reason
that will be clear in the following of this dissertation, the formulation of Vp(.) as a
square of a norm has been changed in a general convex offset cost function. As it will
be demonstrated later on, under mild assumptions, this function provides significant
properties to the controlled system.

2.3.3 Calculation of the invariant set for tracking

In this section, the calculation of the terminal ingredients of the MPC for tracking
(Limon et al., 2008a; Alvarado, 2007), the invariant set for tracking, is presented.

Consider the following controller
u=K(r — ) + us, (2.6)

where (xg,us) is a desired steady state. It is well known that if the controller gain
K stabilize the closed-loop system, that is A + BK has all its eigenvalues inside the
unit circle, then the system is steered to the desired steady state. Since the system
is constrained, this controller leads to an admissible evolution of the system only in a
neighborhood of the steady state.

Substituting (2.4) in (2.6), it results that

u = Kz+[-K I [x]

Us
= Kz+ [-K I,|Mb
= Kax+ L6

where L = [—K I,,]My € R™™. Consider the augmented state z, = (z,0), then the
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closed-loop augmented system can be defined by the following equation
+
x x
= 2.7

0
Define the following convex polyhedron for a given A € (0,1)
S={z,=(2,0): 2= (2, Kz + LO) € Z, zg = Myh € \Z}

A+ BK BL
0 I

that is, 7 = A,z,.

It is clear that the set of constraints for system (2.7) is X* = X$_,. That is, both
(x,u) = (x, Kx + L) and (xs,us) = My must belong to Z.

We say that a set Qf is an admissible invariant set for tracking, for system (2.7)
constrained to X¢, if Vx, € Qf, then A,z, € Qf and Qf C X By definition, the
maximal admissible invariant set for tracking is given by:

0% = {z,: Az, € X%, Vi > 0}

Due to the unitary eigenvalues of A,, this set might be not finitely determined, i.e.,
described by a finite set of constraints (Gilbert and Tan, 1991). Hence, consider the
maximal admissible invariant set for tracking evaluated using X{ as constraint set,
which is given by
Gon = {za: ALy € X5, Vi > 0}

Taking into account that the controller given by (2.6) guarantees that (z,u) converges
asymptotically to (z5, us) and following similar arguments to (Gilbert and Tan, 1991), it
can be shown that for all A € (0,1), 0% , is finitely determined and AOZ, C 0%, , C O%..
Notice that because A can be chosen arbitrarily close to 1, the obtained invariant set
can be made arbitrarily close to the real maximal invariant set 0% .

In what follows, superscript a denotes that set {2f is defined in the extended state,

while no superscript denotes that set €2, is defined in the state vector space z, i.e.,
Qt = PTO]:E(Q?>

Hereafter O (zs) denotes the maximal invariant set of states that can be steered
to xs in an admissible way by the control law (2.6). It is easy to see that the computed
polyhedral set O ) is such that

Ooo,/\ = U Om(ms)
TsEAXs

It is clear that set AX; is contained in O ».
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2.4 Enhanced Formulation of the MPC for tracking

In this section we present a novel formulation of the MPC for tracking which generalizes
and improves the one presented by the authors in (Limon et al., 2008a) and (Alvarado,
2007). This new formulation maintains the main ingredients of the previous one:

(i) an artificial steady state and input is considered as decision variables

(i) the stage cost penalizes the deviation of the predicted trajectory with the artificial
steady conditions

(iii) an offset cost function is added to penalize the deviation between the artificial
steady state and the target setpoint

(iv) the invariant set for tracking is considered as extended terminal constraint.

In this work, this controller is extended to the case of considering a general offset
cost function Vp(-) defined as follows:

Definition 2.2 Let the offset cost function Vo : RP — R be a convex, positive definite
and subdifferentiable function such that Vo(0) = 0 and such that the minimizer of

n Voo (o, —
min o(ys — )

1S UNIQUE.

As it will be shown in the next section, this formulation can provide optimal closed-loop
performance to the controller.

Remark 2.3 Notice that a subdifferentiable function (Boyd and Vandenberghe, 2006)
s a function that admits subgradients. Given a function f, g is a subgradient of f at

x if
fly) > flx) +4'(y—x) Yy

Notice also that, the term subdifferential defines the set of all subgradients of f at x
and is noted as Of(x). This set is a nonempty closed conver set.
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The proposed cost function of the MPC is given by:

=

Vv(ziw,0) = ) llo()—asllg+Ilu@) —uslk + 1o (N) —zsllp+ Vo lys — e)
j

Il
=)

where z(j) denotes the prediction of the state j-samples ahead, the pair (x,, us) = Myf
is the artificial steady state and input and ys = Ny the artificial output, all of them
parameterized by 6; y; is the target of the controlled variables. The controller is derived
from the solution of the optimization problem Py(z) given by

V() = mi@nVN(x;u,H)
sit. z(0) =z,

z(j +1) = Az(j) + Bu(j),
(z(j),u(s)) €2, j=0,--- ,N-1
(s, us) = My,

ys = Nob

(z(N),0) € Qf

Considering the receding horizon policy, the control law is given by

kn(z) = u’(0; 7)

Since the set of constraints of Py(x) does not depend on vy, its feasibility region
does not depend on the target operating point y;. Then there exists a polyhedral region
Xn C X such that for all x € Xy, Py(z) is feasible. This is the set of initial states
that can be admissibly steered to the projection of {2¢ onto = in IV steps.

Consider the following assumption on the controller parameters:

Assumption 2.4

1. Let R € R™*™ be a positive definite matriz and () € R™"™ a positive semi-definite
matriz such that the pair (QY?, A) is observable.

2. Let K € R™ ™ be a stabilizing control gain such that (A+BK) has the eigenvalues
in the unit circle.
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3. Let P € R™" be a positive definite matriz such that:

(A+ BKYP(A+BK)— P=—(Q+K'RK)

4. Let Qf C R™™ be an admissible polyhedral invariant set for tracking for system
(2.1) subject to (2.2), for a given gain K. See 2.3.3 for more details.

It can be considered that €} contains the set of equilibrium points €2, = {(zs,0) :
(xs,us) = My, (xs,us) € A\Z}. This is not restricting since if this is not the case,
the convex hull of 2 and (), is also an invariant set for tracking that ensures this
condition.

The set of admissible steady outputs consistent with the invariant set for tracking
(2 is given by:
{ys = Nyb : (z5,us) = Myf,and (x4, 0) € Qf}

This set is equal to the set of all admissible outputs for system (2.1) subject to
(2.2), that is, Y.

Taking into account the proposed conditions on the controller parameters, in the
following theorem asymptotic stability and constraints satisfaction of the controlled
system are proved.

Theorem 2.5 (Stability) Consider that assumptions 2.1 and 2.4 hold and consider a
given target operation point y,. Then for any feasible initial state xq € Xy, the system
controlled by the proposed MPC' controller kx(x) is stable, fulfils the constraints along
the time and, besides

(i) If yy € Ys then the closed-loop system asymptotically converges to a steady state
and input (xy,uy) such that y, = Cxy + Duy.

(ii) In other case, the closed-loop system asymptotically converges to a steady state
and input (x%,ut) and y¥ = Cxt + Dul where

ys = arg min Vo (ys — yt)

Ys€Ys
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Proof: Consider that x € Xy at time k, then the optimal cost function is given by
V() = Vy(z,u’(x),0°(x)), where (u®(z), 0°(z)) defines the optimal solution of Py(z)
and u’(z) = {u®(0;2),u°(1;2),...,u’(N — 1;2)}. The resultant optimal state sequence
associated to u’(z) is given by x°(z) = {2°(0;z),2°(1;z),...,a°(N — 1;2),2°(N; z)},
where 2°(j; z) = ¢(j; x,u’(z)) and 2°(N;x) € Q.

As standard in MPC (Mayne et al., 2000; Rawlings and Mayne, 2009, Chapter 2),
define the successor state at time k + 1, 27 = Az + Bu(0;z) and define also the
following sequences:

W (L;2), - u’(N=Lz), K(2"(Ny2) — 25()) + u(2)]
0°(x)

> >

where (22, u%) = MyA°. Then, following a similar procedure to (Limon et al., 2008a), it

s 7S

is proved that (u(x),0(x)) is a feasible solution for the optimization problem Py (z™).

The state sequence due to (@(z),0(z)) is x = {z°(1; ), 2°(2; z), ..., 2°(N; z), 2°(N +
1;2)}, where 2°(N + 1;2) = (A + BK)2°(N; z) + B(u®(x) — K2%(z)), which is clearly
feasible. Compare now the optimal cost V(x), with the cost given by (t(z),0(z)),
Vi (zt, a(x),d(x)). Taking into account the properties of the feasible nominal trajecto-
ries for x*, the condition (/) of Assumption 2.4 and using standard procedures in MPC
(Mayne et al., 2000; Rawlings and Mayne, 2009, Chapter 2) it is possible to obtain:

Vn(a®31,0) — V(z) = —[lz—22(2) |5 — |u’(0; 2) —ul(2)[|7,— [|2°(N) —22(2) |5 — Vo (ys — ue)
+(|2(N; ) —22(2) | §+ 1 K (° (N 2) —2(2)) | 7
2 (N+1; 2) =22 (2) |5+ Vo (ys — )

=~z —2((@)llg— [1u"(0; ) —ug (@) |7
By optimality, we have that V(z) < Vy(z*;@,6) and then:
Va(a®) = Vy(@) < —llo—23@)lIG — u"(0;2) — u(@)lI5

Taking into account that V() is a positive definite convex function and that V(z™)—
Va(z) < 0, we have that (22, u?) is an stable equilibrium point. Furthermore taking

into account that (Q'/2, A) is observable, it is derived that

Jim [z (k) =g (w(k))[ =0, lim fu(k) —u(w(k))[ =0

s

Hence the system converges to an operating point (2%, u?) = My0° such that (2%,0") €
Q.
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Now, it is proved that the system converges to an equilibrium point. Pick an
e > 0, then there exists a k() such that for all & > k(e), |z — 2%(x)| < € and
|u®(0; 2) — u2(x)| < e. Then, removing the time dependence for the sake of simplicity,
it is inferred that

o — x| = 2" —al(2) +al(z) — 2|
< ot = af(a)] + 25 (x) — 2]
= |Az + Bu®(0;2) — A2%(z) — Bul(z)| + |2%(2) — 2|
< A= Iz — 2%)| + | B||u’(0; ) — u2(z)|
< ce

where ¢ = |A — I| + |B|. Therefore, for a given ¢ > 0, there exists a k(¢) such that
|zt — 2| < ce. Hence, the system converges to a steady state ¥ and this is such that
xt = 2%(a) = Ax* + Bul.

The proof will be finished demonstrating that the equilibrium point (x%, u*) is the
minimizer of the offset cost function Vo (ys — y;), proving the second assertion of the
theorem. The first one is a direct consequence of the latter.

This result is obtained by contradiction. Consider the following set of the optimal
solutions:

I'={ys:ys =argmin Vo(y — v:)}
yE€Ys

Consider that y* ¢ I". Then there exists a g; € ', such that Vo (7s — v:) < Vo(yt — yr)-
Define # as a parameter (contained in the projection of Q¢ onto ) such that g, = Ny6.
In can be proved (Alvarado, 2007) that there exists a A € [0,1) such that for every
A € [A, 1), the parameter § = A6* + (1 — A\)@ is such that the control law u = Kz + L6

(with L = [- K, I,,,) Mp) steers the system from z* to Z, fulfilling the constraints.

Defining as u the sequence of control actions derived from the control law u =

K(x —z4)+us , it is inferred that (u,0) is a feasible solution for Py(z%) (Limon et al.,
2008a). Then, from assumption 2.4,

Va(zh) < Vn(afu,gs)

N A 12
. o) ~251P 4 s ey
7\

= > llwl@) = &l3 + 1K (@(i) — &) % +z(N) = &3 + Vo(ds — ve)
1=0

= | $: - js”% + VO(.@S - yt)
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Then, considering the previous statements:

VN(x;yt;uags) = HiL‘: _i‘s"%—i_VO(gS_yt)
= [|0" - QH?\QPMI + Vo(9s — yt)
= (1= X210 = 0130, + Volds — ue)

The partial of Vy about A is:

8VN * n * ~

v = 2= N0 =013 par, + 9 (Y5 — Us)

O\

where ¢’ € IVo(ys — 1), defining OV (gs — ;) as the subdifferential of Vo (ys — v)-
Evaluating this partial for A = 1 we obtain that:

8VN o */( * ~>
a)\ )\Zl_g ys yS

where g*7 € OVo(y? — y;), defining OV (y! — y;) as the subdifferential of Vo (y* — ).
Taking into account that Vj is a subdifferentiable function, we can state that

g7 (e — ) = Volyi — ve) — Vo(iis — ue)
Considering that Vo(y: — yi) — Vo(9s — y¢) > 0, it can be derived that

OV

—_— > Volyr — —Volys — 0
x|, = o(vs — ut) o(Us — ye) >

This means that there exists a A € [\, 1) such that Vi (z*;u,§) is smaller than the
value of Vy(z¥;u,9,) for A = 1, which equals to V(7).

This contradicts the optimality of the solution and hence it is proved that (x%, u¥)
is the optimal steady state of the system.

Finally, the fact that (2%, u¥) is a stable equilibrium point for the closed-loop system
is proved. That is, for any £ > 0 there exists a 6 > 0 such that for all |z(0) — z%| <4,
then |z(k) — 2% < e. Notice that the region B = {z : |z(k) — z%| < e} C Xy and this
is true because z* € int(Xy).

Hence, define the function W(z,y;) = Vi (x,y;) — Vo(y: —y;). Then, W (z?%, y;) = 0.
This function is such that aw (| — 2%|) < W(x,y:) < Bw(|z — z%]), where ayy and Sy
are suitable X, functions. In fact:
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o Wi(x,y) > ]z — 2°) + ap(|z? — z%|). This comes from the fact that the stage
cost function is a positive definite function and from the definition of V. Then

Wz, y)

AVARAY]

e Notice that Vy(z,y:) < Vn(z,y7) + Vo(y: — y:). Since VI(x,y;) is continu-
ous, there exists a Ko, function Sy such that Vy(z,y%) < Bw(|x — 2%|). Hence
Wz, yt) < Bw(lz — x3]).

Then, aw(|z(k) — z]) < W(x(k),y) < W(x(0),y;) < Bw(|z — z%]) and, hence,
|z(k) — x| < oz;Vl o Bw(|x(0) — z%]). So, picking 6 = 517[/1 o ayy (), then |x(k) — x| <
oy © Bw () < ¢, proving the stability of a7, [ |

2.5 Properties of the proposed controller

2.5.1 Steady state optimization.

It is not unusual that the output target y; is not contained in Y,. This may happen
when there not exists an admissible operating point which steady output equals to
the target or when the target is not a possible steady output of the system (that is,
this is not in the subspace spanned by the columns of matrix Ny). To deal with this
situation in predictive controllers, the standard solution is to add an upper level steady
state optimizer to decide the best reachable target of the controller (Rao and Rawlings,
1999).

From the latter theorem it can be clearly seen that in this case, the proposed controller
steers the system to the optimal operating point according to the offset cost function
Vo(.). Then it can be considered that the proposed controller has a steady state
optimizer built in and Vp(.) defines the function to optimize. See that the only mild
assumptions on this function are to be convex, positive definite, subdifferentiable and
zero when the entry is null (to ensure offset-free control if y; € Ys).
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2.5.2 Offset cost function and stability.

Taking into account theorem 2.5, stability is proved for any offset cost function satis-
fying assumption 2.4. Therefore, if this cost function varies with the time, the results
of the theorem still hold.

This property allows as to tune the cost function along the time maintaining the stabi-
lizing properties of the controller. Besides, this property can be exploited to consider
an offset cost function which depends on the target, namely Vo (y:;ys — y:) defining
different optimal criterium for the operating point selection depending on the chosen
target (the example illustrates this idea).

2.5.3 Larger domain of attraction.

For a given prediction horizon, the proposed controller provides a larger region of
attraction than the one of the MPC for regulation. This remarkable property allows
to extend the controllability of the predictive controller to a larger region at expense
of m additional decision variables. This increment of computational cost is similar to
one the derived from incrementing the prediction horizon by 1. This property makes
the proposed controller interesting even for regulation objectives.

On the other hand, for a given region of initial states, the necessary prediction horizon
to control the system is potentially smaller, which implies a lower computational cost.

2.5.4 Robustness and output feedback

It has been demonstrated that asymptotically stabilizing predictive control laws may
exhibit zero-robustness, that is, any disturbance may make the controller to be un-
feasible or the asymptotic stability property may not hold (Grimm et al., 2004). In
this case, taking into account that the control law is derived from a multiparametric
convex problem, the closed-loop system is input-to-state stable for sufficiently small
uncertainties (Limon et al., 2009a).

This property is very interesting for an output feedback formulation (Messina et al.,
2005), since it allows to ensure asymptotic stability for the control law based on the
estimated state using an asymptotically stable observer. A robust formulation of the
proposed controller can be obtained by extending the formulation presented in (Al-
varado et al., 2007b) for state feedback and (Alvarado et al., 2007a) for output feed-
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back. In this case, offset free control can be achieved by means of disturbances models
(Pannocchia and Kerrigan, 2005) or adding an outer loop which manages the targets
(Alvarado, 2007).

2.5.5 QP formulation.

The optimization problem Py () is a convex mathematical programming problem that
can be efficiently solved. In the case that the offset cost function Vo (ys — v;) is such
that the region {ys : Vo(ys — y:) < 0} is polyhedral, then Py(x) can be posed as a
quadratic programming by means of an epigraph formulation.

2.5.6 Explicit formulation.

The structure of the equivalent optimization problem ensures that the proposed control
law k() is a piecewise affine function of (z,y;) that can by explicitly calculated by
means of the existing multiparametric programming tools (Bemporad et al., 2002).

In the following section it is demonstrated that the proposed controller provides a
locally optimal control law.

2.6 Local Optimality

In this section, the local optimality properties of the MPC controllers is presented, and
how the MPC for tracking presented in this chapter is able to provide it.

Consider that system (2.1) is controlled by the control law u = k(z, y:) to steer the
system to the target y, € Ys. Let 6; be the unique parameter such that y, = Ny#, and
let (x4, us) be given by (zy,u;) = Mgy, Assume that matrix Ny is full column rank.
Consider also a quadratic cost function of the closed-loop system evolution when the
initial state is x, given by

Voo (@, y1, /i(n%))zZ (7)) —ellg + (2 (5), ye) —well
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where z(j) = ¢(j;x,k(-,y)) is calculated from the recursion z(i + 1) = Az(i) +
Br(z(i),y;) for i = 0,--- 5 — 1 with (0) = z. A control law ko (x,y;) is said to
be optimal if it is admissible (namely, the constraints are fulfilled along the closed-loop
evolution) and it is the one which minimizes the cost Voo (z, yt, £(+, y;)) for all admissible
x. It is clear that the optimal control law (the so-called Linear Quadratic Regulator)
is the best control law to be designed according to the given performance index. The
optimal cost function is denoted as V2 (z,y;) = Voo(Z, Ys, Koo+, ¥¢)). The calculation of
the optimal control law k. (x, y;) may be computationally unaffordable for constrained
systems, while for unconstrained, it can be obtained from the solution of a Riccati’s
equation.

Model predictive controllers can be considered as suboptimal controllers since the
cost function is only minimized for a finite prediction horizon. The standard MPC
control law to regulate the system to the target v, k'y(z,v:), is derived from the
following optimization problem Py (z, y:)

N-1
Vil(z,y) = I{lliglz||I(j)—$s||2Q+||U(j)—us||§z+||I(N)—$s||§> (2.8a)
t ‘7:0

st. x(0) =z, (2.8b
2(j +1) = Az(j) + Bu(j), (2.8¢
z(j),u(j) €Z, j=0,--- ,N-1 (2.8d
Ts, Us) = Mo, (2.
ys = Nob, (2.8f
(x(N),0) € O (2.8¢
195 = illoo = 0 (2.8h

This optimization problem is feasible for any z in a polyhedral region denoted as
XN (y¢). Under certain assumptions (Mayne et al., 2000), for any feasible initial state
x € X'y (ye), the control law k) (z,y;) steers the system to the target fulfilling the con-
straints. However, this control law is suboptimal in the sense that it does not minimizes
Voo (2, yi, Ky (-, 41)). Fortunately, as stated in the following lemma, if the terminal cost
function is the optimal cost of the unconstrained LQR, then the resulting finite horizon
MPC is equal to the constrained LQR in a neighborhood of the terminal region (Hu
and Linnemann, 2002; Bemporad et al., 2002).

Lemma 2.6 Consider that assumptions 2.1 and 2.4 hold. Consider that the terminal
control gain K is the one of the unconstrained linear quadratic requlator. Let 0, be the
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parameter such that y; = Ngb;. Define the set Tn(y;) C R™ as
TN(ZJt) = {i‘ eR": (¢<Naf7 Koo('ayt%et) € Q;?K}

Then for all x € Tn(y), Vil (@, y) = VO(2,4,) and &5(x, ;) = Koo, Y1)

This lemma directly stems from (Hu and Linnemann, 2002, Thm. 2).

The proposed MPC for tracking might not ensure this local optimality property
under assumptions of lemma 2.6 due to the artificial steady state and input and the
functional cost to minimize. However, as it is demonstrated in the following property,
under some conditions on the offset cost function V(-), this property holds.

Assumption 2.7 Let the offset cost function Vo(.) be defined as in 2.2 and such that

allyl| < Voly) < Bllyll, Yy eYs

where o and B are positive real constants.

Lemma 2.8
Consider that assumptions 2.1, 2.4 and 2.7 hold. Then there exists a a* > 0 such that
for all a > o*:

e The proposed MPC' for tracking is equal to the MPC for requlation, that is
k(T ye) = k(2 y0) and Vy(x,y,) = V]C’O(%yt) for all x € Xy (yr)-

o [f the terminal control gain K is the one of the unconstrained linear quadratic
requlator, then the MPC for tracking control law ky(z,v;) is equal to the optimal
control law Keo(z,yt) for all x € Y (yy).
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Proof: First, define the following optimization problem Py (7, y:; «) as:

N—-1
Via (@) = min ) llo(i) —zal[G+ () —uslf + o (V) —2llE + ol — wl
) =0

st. z(0) =z,
z(j + 1) = Az(j) + Bu(j),
(2(5),u(j) €2, j=0,--- ,N-1
(75, us) = My,
Ys = No,

(x(N),0) €

This optimization problem Py (, ys; o) results from the optimization problem Py (x, y;)
with the last constraint posed as an exact penalty function (Luenberger, 1984). There-
fore, there exists a finite constant a® > 0 such that for all @ > a~, V]G?(f(:v,yt) =
Vi2(z,y,) for all z € Xy (y;) (Luenberger, 1984; Boyd and Vandenberghe, 2006).

Considering that Vo (y) < Bly||. Then
Vi (@, ye) < VR, u) < V5 (e, m)
Since 8 > «a > o, we have that for all z € X (y)
Vi (@, ) < Ve, m) < Vi%(e,m)

and hence V3(z,y,) = Vi’ (x, ).

The second claim is derived from lemma 2.6 observing that Ty (y;) € X (y). =

Remark 2.9 In virtue of the well-known result on the exact penalty functions (Luen-
berger, 1984 ), the constant o can be chosen such that ||v(z,y)|l1 < «, where v(z,y;)
is the Lagrange multiplier of the equality constraint ||ys — yil|oo = O of the optimization
problem P} (x,y;). Since the optimization problem depends on the parameters (z,v;),
the value of this Lagrange multiplier also depends on (x, ;).

Remark 2.10 The local optimality property can be ensured using any norm, thanks
to the property of equivalence of the norms, that is 3¢ > 0 such that ||x||, > c||lz|:.
Otherwise, the square of a norm cannot be used. With the ||.||2 norm, in fact, there
will be always a local optimality gap for a finite value of a since ||.||2 is a (not exact)
penalty function, (Luenberger, 1984). That gap can be reduced by means of a suitable
penalization of the offset cost function, (Alvarado, 2007).



42 2.6. Local Optimality

Remark 2.11 Assumption 2.7 can be easily satisfied for any function VO(.) consider-
ing as offset cost function Vo(y) = max(Vo(y), ally||) which is a convex function. If Y,
s bounded, the upper bound condition is directly fulfilled.

Some questions arise from this result as how a suitable value of the parameter «
can be determined for all possible set of parameters. Another issue is if there exists
a region where local optimality property holds for a given value of . These issue are
analyzed in the following section.

2.6.1 Characterization of the region of local optimality

From the previously presented results, it can be seen that this issue can be studied by
characterizing the region where the norm of the Lagrange multiplier v(x,y;) is lower
than or equal to a. Once this region is determined, the open questions on the local
optimality can be answered. The characterization of this region is done by means of
results of multiparametric quadratic programming problems (Bemporad et al., 2002;
Jones and Maciejowski, 2006; Morari et al., 2008).

To this aim, firstly, notice that the optimization problem Py (z,y;) is a multipara-
metric problem and the set of parameters (z,y;) such that P} (z,y,) is feasible is given
by I' = {(z,y¢) : © € X\ (y¢)}. Tt can be proved that this set is a polytope.

This optimization problem can be casted as a multiparametric quadratic program-
ming (mp-QP) problem (Bemporad et al., 2002) in the set of the parameters (z,y;) € T,
which can be defined as:

1

min §z’Hz

st. Gz < W+ Six+ Souy (2.9)
Fz=Y +Tx+ Thy

where

z= + Jix + oy, (2.10)

u
0

with J; and Jy suitable matrices. Gz < W + Sjx + Ssy, describes the restrictions
(2.8b)-(2.8g), and Fz =Y + Tyx + Thy, is the only equality constraint represented by
equation (2.8h). Notice that H > 0, then the problem is strictly convex.
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The Karush-Kuhn-Tucker (KKT) optimality conditions (Boyd and Vandenberghe,
2006) for this problem are given by:

Hz+GAX+Fv=0 (2.11a)
MGz =W = Six — Soy) =0 (2.11Db)
A>0 (2.11c)
Gz—W — Sz — Sy, <0 (2.11d)
Fz—Y —Tx—Ty, =0 (2.11e)

Solving (2.11a) for z and substituting in the other equations, we obtain a new set
of constraints for the Lagrange dual problem associated with the problem (2.9) which
depends on (A, v, z,y;). Then the following region:

N(GH'GAN+GH ' F'v + W + Sz + Say) = 0
A>0

—(GH'\G'A+GH 'F'v + W + Syx + Syy,) <0
FH_IG,)\—FFH_IF,V+Y+T1$+T2yt =0

A=< (\v,zy): (2.12)

defines the set of (A, v, z,y;) which is solution of the KKT conditions. Thus, for any
(z,y;) € Projzy)A, the solution of the KKT equations is (A(x,y:),v(x,y:)) such that

($;yt7A<I7yt)7 V(xvyt)) S A

Notice that Proje.,,A is the set of (x,1;) where a feasible solution exists and hence
Projzy,)A =TI and it is polytope (Boyd and Vandenberghe, 2006).

Following the same arguments of (Bemporad et al., 2002), the finite number of
inequality constraints makes that there exists a finite combination of possible active
constraints. Consider the j’th combination and assume that M and M denote the La-
grange multipliers vectors set of inactive and active inequality constraints respectively.
Let G/, Wi, $9, 87 and G7, W7, §7, S be the corresponding matrices derived from
a suitable partition of matrices G, W, S; and S, for the set of inactive and active
constraints. In virtue of the complementary slackness condition, we have that N =0
for inactive constraints and G H 1G9\ + G/ H VF'v + W7 + Sz + Sly, = 0 for active
constraints. Then, the j’th combination of active constraints remains active for every
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(x,ys, A, v) contained in the following polyhedral region:

( N =0

N>0, j=1,...,N

Aj=L N\ vz, y) A= (N, N) GIHF'v + Wi + §1j$ + gzjyt >0

N=—(GTH G GTH Fuv+Wi+S  +57y,)

FH'GN + FH'"F'v +Y + Tyx + Toy; = 0
(2.13)

It is clear that, the union of every region A; of a possible combination of active
constraints, is such that A =(J; A; and hence A is a polygon.

Using these results, the maximum and the minimum value of ||v(z,y;)||; for all
possible values of (z,y;) can be computed, that is, the values of ay;, and e, such
that for all (z,y:) € ', amin < ||V(2,9)]l1 < Qmaz- These are calculated by solving the

following optimization problems:

Omax = max |lv]; = max sup w1 (2.14)
(z,y,\v)EA J (z,yt, A V)EA;

J— i = mi inf 2.15

Cmin (mvyfglzll})eA ||V||1 Hbln ((x’yi»l)‘rfly)eAj ”VHI) ( )

It is remarkable that each supremum and infimum can be calculated by solving a set of
linear programming (LP) problems in the closure of A;. Besides, since the optimization
problem P} (z, ;) is such that the solution of the KKT conditions is unique, then the
value of ., is finite.

We are also interested in characterizing the set of (z,v;), I'(«v), such that the norm
of the associate Lagrange multiplier v(z, ;) is bounded by «, that is:

Do) ={(z,y) : I\, v) s.t. (N, v,z,y¢) € A and ||v|; < a}

This region can be characterized by means of the polyhedral partition of A. Defining
the set I'j(a) = {(z,y) : I\, v) s.t. (N, v,z,y) € A; and [[v|; < a}, which is a
polyhedron, it can be seen that I'(a) is a polygon given by I'(a) = |J; I';(a). Notice
that set I'(«) is non-empty for o > aypin. Moreover if i, < a, < ap, then for
all (z,y) € T(w), |lv(z,y)lli < as < o and hence (z,y;) € I'(ay). Therefore,
T(ay) CT(ap).

Resorting on the previously presented results, the following lemma can be derived.

Vs
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Lemma 2.12
Consider that lemma 2.8 holds. Let Qyay and oy, be the solution of (2.14) and (2.15)
respectively, then:

o For all & > Quin, there exists a polygon T'(a) such that if (x,y;) € ['(«), then
Vi (@, y) = Vv (@, yr).

o For all apmin < g < oy, I'(ay) C T'(awp). That is, I'(«) grows monotonically with
a.

o Forall @ > upag, I'(a) = Proj A =1,

In the following theorem, the property of local optimality for the MPC for tracking
is stated.

Theorem 2.13 (Local optimality)
Consider that lemma 2.8 and lemma 2.12 hold. Define the following region

W(a,y:) = {z € Tn(ye) : (60552, 5n(91)), yr) € D), Vi > 0}

and let the terminal control gain K be the one of the unconstrained LQR. Then:

1. For all @ > apmin, W(a, yy) is a non-empty polygon and it is a positively invariant
set of the controlled system.

2. If pin < g < i, then W(ag, 1) € W(aw, yt).
3. If @ > Qupin, ©(0) and y; are such that x(0) € X'\ (ye), then

(a) There exists an instant @ such that x(k) € W(a,y) and kn(z(k),y) =
Koo(T(K),yt), for all k > k.

(b) If & > Qmaa then kn(x(k),y:) = ki(x(k),y:) for all k > 0 and there exist
an instant k such that x(k) € Tn(y:) and kn(x(k),y:) = Koo(@(K), ys) for
all k > k.

Proof:
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e From lemma 2.6 we have that set Tn(y;) is an invariant set for the system
controlled by u = kly(x,y:) and besides, k' (z,y:) = Koo, y¢). Since the control
law k7 (x, y:) is a piece-wise affine (PWA) function of (z, y;), the controlled system
is PWA and the region Yy (y;) is a polygon (Kerrigan, 2000).

On the other hand, set Z(a,y;) = {z : (¢(i;2,6x5(-,5:)),y:) € T'(),Vi > 0} is
the maximum invariant set for the controlled system contained in the set {x :
(x,y:) € T'(v) } and besides in virtue of lemma 2.12 for all z € Z(«, y1), kn (T, y:) =
Ky (z,y:). The PWA nature of the control law ensures that =(«, y;) is a polygon.

Finally, noticing that W(a, v:) = Tn(y:) N ZE(a, y;), we infer that W(a, y;) is a
positively invariant polygonal set for the system controlled by ky(z,v;) and for
all z € W(&ayt)a ’%N(xayt) = K’?\/(xayt> = Koo(mayt)'

e Since a, < ay, ['(ay) C I'(a). In virtue of the monotonicity of the maximal
invariant set, =(aq, y:) € Z(w, y:) and this imply that W(ay, y:) € W(aw, yi)-

e Ifz(0) € X% (y;), then the closed-loop system is asymptotically stable to (z, us) =
My6, where 0 is such that y, = Npf. Given that W(«, y;) has a non-empty interior
and z, € W(a,y;) for any a > qypin, there exist a k when z(k) € W(a,y;). Due
to the invariance of W(a, v;), z(k) € W(a, y;) for all k > k. Taking into account
lemmas 2.8 and 2.12, ky(z(k), yt) = koo(z(k), ).

e From lemma 2.12, for all @ > e ['(a) = T, Z(a,y) = Xy(y) and then
W(a,y) = Tn(y:). The result is derived from the last proposition.

From this theorem it can be inferred that for every a > a5, the MPC for tracking
is locally optimal in a certain region. In particular the value of a,;, is interesting
from a theoretical point of view, because it is the critical value from which there
exists a region of local optimality. In order to ensure the local optimality property of
the standard MPC, one would like to know the maximal region into which the local
optimality applies. This region is given for any o > .. Then, from a practical point
of view it is interesting to know .., but this requires the calculation of the partition
of the feasibility region of the mp-QP and the solution of a number of LPs. In the
following corollary it is proposed a method to calculate a value of a > ay;, for which
the local optimality region is the invariant set for tracking, by means of a single LP.

Corollary 2.14 Consider that hypotheses of theorem 2.13 hold. Let aq be the solution
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of the following LP optimization problem:

ag = max [(FH'F)Y"YY + Tz + Toy)|h (2.16)

s.t. Y = N99
(x,0) € Qf

Assume that o > aq, then for all x(0) € Xy (y:), there exists an instant k such that
Va(@(k),ye) = Va(x(k), ye) and kn(x(k),y0) = koo(x(k), pu), for all k > k.

Proof: Assume that no inequality constraint is active, then the Lagrange multiplier A
is zero. In this case, the KKT conditions are

—GH 'Flv —W —Siz—Soy, < 0
—FH'F'v—-Y —-Tize—Toy, = 0

For any (x,0) € int(2), the optimal control law is the one of the unconstrained
LQR, that is u = Krgr(z — x;s) + us, where (x5, us) = Mpb and y; = Npb, such that
(x,u) € int(Z). This means that no inequality constraint is active. Considering that
u= Krgr(z — x5) + us is the optimal control law of the unconstrained LQR, then for
any (x,0) € int(Q}), kn(x,y:) = Kror(x — z5) + us and © € YT y(y;). Furthermore, for
any (z(k),0) € int(Q2), (x(k),0) € int(Q¢) for any k > k.

Hence, for any (x,0) € int(Q), Mz, y;) = 0, and then v(z,y;) = —[(FH'F')~ (Y +
Tix + Toyy)]. Moreover, ||v(x,y)|1 < aq, for any (z,0) € int(2).

Taking into account all this facts, if & > agq, then for any x(0) € Xy, there exists a
k > 0 such that (z(k),0) € int(22), and hence ky(z,¥;) is the optimal control law.

2.7 Illustrative example

In this example, the properties of the controller presented in this chapter, are proved
in simulation. The system considered is the four tanks process, introduced in the
Appendix A
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2.7.0.1 Offset Minimization

The aim of the first test is to show the property of offset minimization of the controller.
The offset cost function has been chosen as Vo = allys — yi|leo. In the test, five
references have been considered:y;; = (0.3,0.3), g2 = (1.25,1.25), y:3 = (0.35,0.8),
Yra = (1,0.8) and y, 5 = (h{, h3). Notice that y; 3 is not an equilibrium output for the
system. The initial state is o = (0.65,0.65,0.6658,0.6242). An MPC with N = 3 has
been considered. The weighting matrices have been chosen as () = I, and R = 0.01 x I5.
Matrix P is the solution of the Riccati equation and a = 50.

15

0.5

Figure 2.1: State-space and time evolutions.

The projection of the maximal invariant set for tracking onto y, €1, the projection
of the region of attraction onto y, Y3, the set of equilibrium levels Y, and the state-space
evolution of the levels h; and hy are shown in figure 2.1. The time evolutions are shown
in figures 2.2 and 2.3. The reference is depicted in dashed-dotted line, while the artificial
reference and the real evolution of the system are depicted respectively in dashed and
solid line. As it can be seen, when the reference is an admissible setpoint, the system
can reach it without any offset. When the reference changes to an unreachable setpoint,
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Figure 2.2: Evolution of the levels hy and hs.

the controller leads the system to the closest equilibrium point, in the sense that the
offset cost function is minimized.

2.7.0.2 Local Optimality

To illustrate the property of local optimality, the proposed controller has been compared
with the MPC for tracking with quadratic offset cost function proposed in (Limon et
al., 2008a). The difference of the optimal cost value of these two controllers, Vy and
Voq’o, with the one of the MPC for regulation, VOT’O has been compared. To this aim, the
quadratic offset cost function has been chosen as [|y;—y;[|7, with 7, = al,. The optimal
MPC for tracking offset cost function has been chosen as a 1-norm, Vo = a||lys — v:||1.
The system has been considered to be steered to the point y = (h{,h9), with initial
condition yy = (1.25,1.25). In figure 2.4 the value Vi* — V) versus a is plotted in
solid line and the value of V]G’O — Vf,’o versus « in dashed line. As it can be seen,
Vi — Va0 tends to zero asymptotically while V" — V) drops to (practically) zero for
a certain value of a.. This result shows that the optimality gap can be made arbitrarily
small by means of a suitable penalization of the square of the 2 norm, and this value
asymptotically converge to zero (Alvarado, 2007), while in the case of the 1-norm, the
difference between the optimal value of the MPC for tracking cost function and the
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Figure 2.3: Evolution of the levels hs and hy and flows ¢, and g.

standard MPC for regulation cost function becomes zero. This shows the benefit of
the new formulation of the MPC for tracking.

Note how the value of V]C’O — V% drops to practically zero when o = 16. As we said in
section 2.6, this happens because the value of o becomes greater than the value of the
Lagrange multiplier of the equality constraint of the regulation problem Py (7, a).
In this test, the equality constraint of P](,rfa(x,yt;oz) has been chosen as an oo-norm,
and hence, to obtain an exact penalty function, the offset cost function of problem
Pn(z,y;) has been chosen as a 1-norm. To point out this fact, consider that, for this
example, the maximum value of the Lagrange multipliers of the equality constraint of
the regulation problem P (7, y:;a), is e = 15.3868. The value of aq, calculated
by solving problem (2.16), is aq = 14.6588. In the table, the value of V" — V9 in
case of different values of the parameter « is presented. Note how the value seriously
decrease when a becomes equals to @;q,.. S0, using the procedure described in section
2.6, we can determine the value of g, such that Vi (z,3) = Vil (x, ye).

To definitely prove the optimal performances ensured by the proposed controller, the
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10° f a Vil -V
14 0.0038
an 0.0010
3z 15 2.93e—4

15.3 1.47e—5
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Amaz 6.83e—15

16 6.83e—15
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Figure 2.4: Difference between the regulation cost and the tracking cost versus «.

optimal trajectories from the point yo = (1.25,1.25) to the point y = (h?, hY) have been
calculated, for a value of a that varies in the set o = {2,4,6,8,10,12, 14, apaz, 18,20},
In figure 2.5 the state-space trajectories and the values of the optimal cost V, for «
increasing are shown. See how the trajectories get better and how the value of the
optimal cost decreases as the value of « increases. The optimal trajectory, in solid line,
is the one for which o = a,,,4,. Notice that value of the optimal cost decreases from
Ve = 84.2693 to V,, = 8.6084 when « reaches the value of a,,q.

1.5
Qy:YN
a Voo
2 84.2693
1k 4 40.6147
6 22.4751
N 8 13.8412
< 10 10.0638
12 8.9572
05F 14 8.6989
15.3868 | 8.6084
18 8.6084
20 8.6084
0 ‘ ‘ ‘
0 0.5 1 1.5

Figure 2.5: State-space trajectories and optimal cost for a varying.
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2.8 Conclusions

In this chapter an enhanced formulation of the MPC for tracking is presented. This
formulation generalizes the original one by considering a general convex function as off-
set cost. This offset cost function allows to consider as target operating points states
and inputs not consistent with the prediction model. This case is particularly inter-
esting for non-square plants or for instance, when the target calculated by means of a
non-linear model.

Under some assumptions, it is proved that the proposed controller steers the system
to the target if this is admissible. If not, the controller converges to an admissible
steady state optimum according to the offset cost function. Besides, the closed-loop
evolution is also optimal in the sense that provides the best possible performance index.



CHAPTER 3

MPC for tracking target sets

3.1 Introduction

In this chapter the so called zone control problems and the application of MPC for
tracking to this kind of problems, is presented. In particular, the concept of distance
to a set is introduced and exploited for the design of the MPC control law.

3.1.1 Set-interval control in processing plants

In modern processing plants, MPC controllers are usually implemented as part of a
multilevel hierarchy of control functions (Kassmann et al., 2000; Tatjewski, 2008). At
the intermediary levels of this control structure, the process unit optimizer computes
an optimal economic steady state and passes this information to the MPC in a lower
level for implementation. The role of the MPC is then to drive the plant to the most
profitable operating condition, fulfilling the constraints and minimizing the dynamic
error along the path. In many cases, however, the optimal economic steady state
operating condition is not given by a point in the output space (fixed set-point), but
is a region into which the output should lie most of the time. In general, based on
operational requirements, process outputs can be classified into two broad categories:
1) set-point controlled, outputs to be controlled at a desired value, and 2) set-interval
controlled, outputs to be controlled within a desired range. For instance, production
rate and product quality may fall into the first category, whereas process variables,
such as level, pressure, and temperature in different units/streams may fall into the
second category. The reasons for using set-interval control in real applications may be
several, and they are all related to the process degrees of freedom: 1) In some problems
some inputs of a square system without degrees of freedom are desired to be steered
to a specific steady state values (input set-points), and then to account for the lack
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of degrees of freedom, the use of output zone control arises naturally (for example, it
could be desirable, by economic reasons, to drive feed-rate to its maximum). 2) In
another class of problems, there are highly correlated outputs to be controlled, and
there are not enough inputs to control them independently. Controlling the correlated
outputs within zones or ranges is one solution for this kind of problem (for instance,
controlling the dense and dilute phase temperatures on an FCC regenerator). 3) A
third important class of zone control problems relates to using the surge capacity of
tanks to smooth out the operation of a unit. In this case, it is desirable to let the level
of the tank float between limits, as necessary, to buffer disturbances between sections
of a plant. Conceptually, the output intervals are not output constraints, since they are
steady state desired zones that can be transitorily disregarded, while the (dynamic)
constraints must be respected at each time. In addition, the determination of the
output intervals is related to the steady state operability of the process, and it is not
a trivial problem. A special care should be taken about the compatibility between the
available input set (given by the input constraints) and the desired output set (given
by the output intervals). In (Vinson and Georgakis, 2000) and (Lima and Georgakis,
2008), for instance, an operability index that quantify how much of the region of the
desired outputs can be achieved using the available inputs, taking into account the
expected disturbance set, is defined. As a result a methodology to obtain the tightest
possible operable set of achievable output steady state is derived. Then, the operating
control intervals should be subsets of these tightest intervals. In practice, however, the
operators are not usually aware of these maximum zones and may select control zones
that are not fully consistent with the maximum zones and the operating control zones
may be fully or partly unreachable. The MPC controller has to be robust to this poor
selection of the control zones.

3.1.2 Review of MPC controllers for set-interval control

Set-interval control has been accounted in many controllers in literature. In (Qin and
Badgwell, 2003), it is mentioned that industrial controllers always provide a zone con-
trol option and two ways are proposed to implement zone control: i) defining upper
and lower soft constraints; ii) using the set-point approximation of soft constraints to
implement the upper and lower zone boundaries (the DMC-plus algorithm). The draw-
back of these industrial controllers is the lack of nominal stability. Another example of
zone is presented in (Zanin et al., 2002). The great problem of the proposed strategy
is that stability cannot be proved, even if an infinite horizon is used, since the con-
trol system keeps switching from one controller to another throughout the continuous
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operation of the process. A third example can be found in (Gonzalez and Odloak,
2009), where a closed loop stable MPC controller is presented. In this approach, the
authors develop a controller that considers the zone control of the system outputs and
incorporates steady state economic targets in the control cost function. The standard
stability proofs are extended to the zone control strategy by considering the output
set-points as additional decision variables of the control problem. Furthermore, a set
of slack variables is included into the formulation to assure both, recursive feasibility of
the on-line optimization problem and convergence of the system inputs to the targets.
An extension of this strategy to the robust case, considering multi-model uncertainty,
was proposed in (Gonzalez et al., 2009).

From a theoretic point of view, the control objective of the zone control problem
can be seen as a target set (in the output space) instead of a target point, since inside
the zones there are no preferences between one point and another. In what follows, the
controller presented in chapter 2, is extended to deal with the zone control, generalizing
the conditions of the offset cost function to use a distance to a convex target set.
This controller ensures recursive feasibility and convergence to the target set for any
stabilizable plant. This property holds for any class of convex target sets and also in
the case of time-varying target sets. For the case of polyhedral target sets, several
formulations of the controller are proposed that allows to derive the control law from
the solution of a single quadratic programming problem. One of these formulations
allows also to consider target points and target sets simultaneously in such a way that
the controller steers the plant to the target point if reachable while it steers the plant
to the target set in the other case. Finally, it is worth to remark that the proposed
controller inherits the properties of the controller proposed in chapter 2.

3.2 Problem Statement

Let a discrete-time linear system be described by:

zt = Az + Bu (3.1)
y = Cx+ Du

where © € R” is the current state of the system, u € R™ is the current input, y € R?
is the controlled output and =™ is the successor state. The solution of this system for
a given sequence of control inputs u and initial state x is denoted as z(j) = ¢(j; z, u),
J € I>p, where x = ¢(0; x,u). Note that no assumption is considered on the dimension
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of the states, inputs and outputs and hence non square systems (namely p > m or
p < m) might be considered.

The controlled output is the variable used to define the target to be tracked by the
controller. Since no assumption is made on matrices C' and D, the outputs might be
(a linear combination of) the states, (a linear combination of) the inputs or (a linear
combination of) both.

The state of the system and the control input applied at sampling time %k are denoted
as z(k) and u(k) respectively. The system is subject to hard constraints on state and
control:

(w(k),u(k)) € Z (3.2)

for all £ > 0. Z C R™™ is a compact convex polyhedron containing the origin in its
interior.

Assumption 3.1 The pair (A,B) is controllable and the state is measured at each
sampling time.

The problem we consider is the design of an MPC controller k% (z,T';) such that for
a given (possibly time varying) convex target set (zone region) I'; it steers the outputs
of system to a steady value contained into the target region satisfying the constraints
(z(k), k% (x(k),T})) € Z throughout its evolution.

3.3 MPC for tracking zone regions

In what follows, an extension of the MPC for tracking (Limon et al., 2008a; Ferramosca
et al., 2009a) to the case of target sets is presented. In particular, in (Ferramosca et
al., 2009a) the controller is formulated considering a generalized offset cost function.
In this chapter, this controller is extended to the case of considering a zone control
strategy. The control object is hence not to steer the system to a desired setpoint, but
to lead the output into a specified region. To this aim, consider that the output target
is a set, for instance a given polyhedron I';. The cost function of the MPC proposed
is, hence, given by:

N—1
VI (2, Ty, 0) 20 |la(f) —ally+ u() — w3t |2(N) =23+ Vo(ys, T'r)(3.3)
§=0
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where z(j) denotes the prediction of the state j-samples ahead, the pair (xy, us) = Myf
is the artificial steady state and input and ys = Ny6 the artificial output, all of them
parameterized by 6; I'; is the zone in which the controlled variables have to be steered.
The offset cost function Vo (ys, ;) is such that the following assumption is ensured.

Assumption 3.2
1. T'y s a compact convex set.
2. Vol(ys, I'y) is subdifferential and convex w.r.t. ys.
3. If ys € Ty, then Vo(ys, I'y) > 0. Otherwise, Vo(ys, I'y) >0.

Let PZ(z,T;) be the optimization problem that defines the controller for tracking of
the zone region for the system constrained by Z, with an horizon of length N and
whose parameters are the actual state x and the target set I';. This problem is defined

as follows:

VIO x,Ty) = nl}ign VEZ(x,Ty;u,0) (3.4a)

st. z(0) =z, (3.4b)

z(j+ 1) = Az(j) + Bu(j), (3.4c)

(z(4),u(s)) €%, j=0,--- ,N—1 (3.4d)

(xsv us) = My0, (346)

ys = Nob (3.4f)

(z(N),0) € Qf (3.4g)

where ) is the polyhedron that corresponds to the invariant set for tracking, with
feedback controller K in the augmented state (x,6). In what follows, the superscript °
will denote the optimal solutions of the optimization problem.

Considering the receding horizon policy, the control law is given by
w4 (2, T0) 2 w0 (0; 2, T)

where u°(0; z,T;) is the first element of the control sequence u®(z,T';) which is the op-
timal solution of problem PZ(x,T;). Since the set of constraints of PZ(x,T;) does not
depend on I, its feasibility region does not depend on the target region I';. Then there
exists a polyhedral region Xy C R" such that for all x € X, PZ(z,T) is feasible. This
is the set of initial states that can be admissibly steered in N steps to the projection
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of Q¢ onto x.

Consider the following assumption on the controller parameters:

Assumption 3.3

1. Let R € R™*™ be a positive semidefinite matriz and ) € R™™ a positive semi-
definite matriz such that the pair (Q'/?, A) is observable.

2. Let K € R™™ be a stabilizing control gain such that (A + BK) is Hurwitz.
3. Let P € R™" be a positive definite matriz such that:
(A+ BK)P(A+BK)—P=—Q+K'RK)

4. Let Qf CR™™ be an admissible polyhedral invariant set for tracking for system
(3.1) subject to (3.2), for a given gain K. See chapter 2 for more details.

The set of admissible steady outputs consistent with the invariant set for tracking €f
is given:

Y 2 {ys = Ngb : (24, u,) = My, and (x,,0) € Q)

This set is potentially the set of all admissible outputs for system (3.1) subject to (3.2),
(Limon et al., 2008a).

Taking into account the proposed conditions on the controller parameters, in the
following theorem asymptotic stability and constraints satisfaction of the controlled
system are proved .

Theorem 3.4 (Stability) Consider that assumptions 3.1, 3.2 and 3.3 hold and con-
sider a given target operation zone I'y. Then for any feasible initial state vy € Xy,
the system controlled by the proposed MPC controller k% (x,T) is stable, fulfils the
constraints throughout the time evolution and, besides

(i) If Ty NYs # O then the closed-loop system asymptotically converges to a steady
output y(oo) € T'y.
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(i) If TyNYs = 0, the closed-loop system asymptotically converges to a steady output
y(00) =y, such that
y: 2 arg min Vo (ys, I'y)

Ys€Ys

Proof: The proof of this theorem follows the same argument as the one of Theorem 1
in Chapter 2, since the offset cost function Vo (ys, ') is convex, as stated in assumption
3.2. |

3.4 Properties of the proposed controller

3.4.1 Steady state optimization

In practice it is not unusual that the zones chosen as target sets are not fully consistent
with the model and, thus, fully or partly unreachable. This may happen when no point
in the zone is an admissible operating point for the system.

From the latter theorem it can be clearly seen that in this case, the proposed controller
steers the system to the optimal operating point according to the offset cost function
Vo(ys,I't). Then it can be considered that the proposed controller has a steady state
optimizer built in and Vp(ys, [';) defines the function to optimize.

3.4.2 Feasibility for any reachable target zone

The controller is able to guarantee feasibility for any I'; and for any prediction horizon
N. Then, it can be derived that the proposed controller is able to track any admissible
target zone (i.e. Ty NY, # ) even for N = 1, if the system starts from an admissible
equilibrium point. Nevertheless, a prediction horizon N > 1 is always a better choice,
because, if on one hand a small prediction horizon reduces the computational effort,
on the other hand the performances of the controller improve with N increasing.
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3.4.3 Changing target zones

Taking into account theorem 3.4, stability is proved for any offset cost function sat-
isfying assumption 3.2. Since the set of constraints of PZ(x,I';) does not depend on
I[';, its feasibility region does not depend on the target zone I';. Therefore, if ['; varies
with the time, the results of the theorem still hold. This property will be shown in the
example.

3.4.4 Input target

The zone control problem can be formulated considering input targets u; that must
satisfy some constraint (i.e. Umin < U < Upmae) to allow the outputs to be inside of
a certain zone (Wang, 2002). These input targets are basically specific values for the
inputs that are desirable to achieve for economic reasons. The proposed controller can
be formulated considering input targets by defining an offset cost function Vo (us, I'y,)
subdifferential and convex w.r.t. us, where I, is a convex polyhedron.

Moreover, all the results and properties of the proposed controller remain valid because
this case is equivalent to considering C'=0 and D = I.

3.4.5 Enlargement of the domain of attraction

The domain of attraction of the MPC is the set of states that can be admissible steered
to ; in N steps. The fact that this set is an invariant set for any equilibrium points
makes this set (potentially) larger than the one calculated for regulation to a fixed
equilibrium point. Consequently, the domain of attraction of the proposed controller is
(potentially) larger than the domain of the standard MPC. This property is particularly
interesting for small values of the control horizon.

3.4.6 Terminal constraint

The optimization problem PZ(z,T;) can also be formulated by posing the terminal
constraint as a terminal equality constraint, by considering P = 0 and €2{ such that:

QF 2 {(z,0) : Mph € 2, = M0}
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3.4.7 Convexity of the optimization problem

Since all the ingredients (functions and sets) of the optimization problem PZ(z,T;) are
convex, then it derives that PZ(z,T) is a convex mathematical programming problem
that can be efficiently solved in polynomial time by specialized algorithms (Boyd and
Vandenberghe, 2006).

3.5 Formulations of the MPC for tracking target sets
leading to QP problems

It is clear from the previous sections that one of the results of the controller presented
in this chapter, is the concept of distance from a set. The optimization problem
PZ(x,T}) is a convex mathematical programming problem that can be efficiently solved
by specialized algorithms (Boyd and Vandenberghe, 2006). From a practical point of
view, it is desirable that, even considering a distance from a set as an offset cost
function, the optimization problem PZ(x,T;) still remains a Quadratic Programming
problem. To this aim, in this section, three different implementations of the MPC for
tracking with target sets are presented, which ensures that the optimization problem
can be formulated as a QP problem.

Consider the target set I'; and define as y; a specific point that belongs to the zone

region, typically the center of the zone. As it has been stated in theorem 3.4, in the
problem of tracking a target set, three situations can be addressed.

a) There not exists an admissible steady output in the zone, i.e. T'; NY, = 0.

b) There exists an admissible steady state in the zone, but the desired output is not
admissible, i.e. Iy NY, # 0 and y; € Y.

¢) There exists an admissible steady state in the zone and the desired output is
admissible, i.e. I'; NY, # 0 and y, € Y,.

These three situations are shown in figure 3.1 where the double integrator system
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presented in (Limon et al., 2008a) has been considered. This system is given by

A:[1 1]7 leo.o 0.5]7and o 0]'

0 1 1.0 0.5 0 1

which is constrained to [|z]s < 5 and ||ul|w < 0.3. In the picture, the domain of
attraction Xy for N = 3, the invariant set for tracking €);, and the region of admissible
steady state X are depicted respectively in black solid line, black dashed line and red
line. Notice that X; = Y, since C' = I,. The three target set situations previous
mentioned are represented by the three boxes labeled as a), b) ad ¢). The center of

each box, depicted as a circle, is the desirable target point into the zone region, y;. In
particular the zone region and the desirable target point for each case are:

a) I''={1<y; <26,-1.9 <y, <—-1.1} and y, = (1.8, —1.5).
b) Ty = {~1.65 < y1 < —0.05,—0.9 < y» < —0.1} and y, = (—0.85, —0.5).

) Ty ={-43<y < —27,-045 <y < —0.35} and y; = (—3.5, —0.05).

Figure 3.1: Target sets for the double integrator system.
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The controller presented in this chapter will steer the system to that point which
minimizes the offset cost function. This point can be a point belonging to Y, (case a))
or a point belonging to the intersection of Y5 with I'; (cases b) and ¢)). The controller
implementation presented in section 3.5.3, in the case ¢), will steer the system exactly
to the desired setpoint ;.

3.5.1 Distance from a set: co-norm

Consider that I'; is a set-interval zone defined as

Ft é {y * Ymin S Y S ymaaz}

where the inequality is component-wise. Define as y; the desirable target point into
the zone region, typically the center of the zone.

In this implementation, the offset cost function is chosen as the distance from y; to
the target region I';, measured by a co-norm. Hence, the offset cost function Vo (ys, I'y)
is given by:

Vi saF = i s o)
olysT4) = minly, —y]|

Consider the following lemma:

Lemma 3.5 (Rockafellar, 1970) The set = = {y, : mirn lys — ylloo < A} is given by
yelt

Y + by S Ymaz
A >0

where 1 € R 4s a vector of all unitary elements.

Thanks to this lemma, and considering the offset cost function in its epigraph form,
the optimization problem PZ(z,T;) can be posed as a standard quadratic programming
problem, by adding a new decision variable A, such that

Vo(ys, I't) < A
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Thanks to the previous statements, the cost function can be written in the form:
N-1
Vi (2, T, 0, )2 [[w(6) =215+ [[u(d) —us ek [lo(V) =5+ A
i=0

where \ is a new optimization variable, and the optimization problem PZ(z,T}) is
posed as:

Vi’o(x, ry) = mein V]\%(x, Lyu, 0, 0)

1)

s.t. (3.4b), (3.4¢), (3.4d), (3.4e), (3.4f), (3.4g)
Ys + A < Ymas
—Ys — AL < —Ymin
A>0

which is a formulation of PZ(z,T;) as a QP problem.

In figure 3.2 the trajectories for the double integrator system, from the initial state
xo = (—3,2), for the three situations above mentioned, using a co-norm distances are
plotted.

See how the controller steers the system to the point that minimize the co-norm
distance. In particular, see that in cases b) and c¢) the system converges to a point
inside the zone regions. The role of the co-norm is important in cases such a). In this
case, in fact, the system converges to one of those points that minimize the co-norm
distance from the target region.

3.5.2 Distance from a set: 1-norm

Consider that I'; is a set-interval zone defined as

Ft é {y P YUmin S Yy S ymax}

Define as y; the desirable target point into the zone region, typically the center of the
zone.
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Figure 3.2: The double integrator system: oo-norm distance.

In this implementation, the offset cost function is chosen as the distance from y; to
the target region I';, measured using a 1-norm:

Vo(y57 Ft) 2 min Hys - y“l
yely
As in the previous case, the optimization problem PZ(z,T;) can be posed as a standard

quadratic programming problem, by considering the offset cost function in its epigraph
form Vp(ys, ['y) < A and by resorting the following lemma.

Lemma 3.6 (Rockafellar, 1970) The set = = {y, : miFn llys — yll1 < A} is given by
yel

1'y+ X < 1'Yimaes
A >0

The cost function to minimize is given by (3.5) and the optimization problem
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PZ(z,Ty) is given by:

Vi (2,Ty) = min VZ (2, Ty;u,0,\)

u,,
s, (3.4b), (3.4c), (3.4d), (3.4e), (3.46), (3.4g)
ys + A < 1Yas
—1'ys = A < =1Ynin
A>0

where ) is a new optimization variable, and which is a formulation of PZ(x,T;) as a
QP problem.

In figure 3.3 the trajectories for the double integrator system, from the initial state
xro = (—3,2), for the three situations above mentioned, using a l-norm distances are
plotted.
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Figure 3.3: The double integrator system: 1-norm distance.

See how the controller steers the system to the point that minimize the 1-norm
distance. In particular, see that in cases b) and c¢) the system converges to a point
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inside the zone regions. The role of the norm is important in this case a). In this case,
the system converges to one of those points that minimize the 1-norm distance (see
also figure 3.2).

3.5.3 Scaling factor

In this implementation, the target region is defined as
I 2y ®E,

where y; is a desired target point and Z; is a polyhedron that defines the zone. The
offset cost function Vp(ys, I'y) is chosen as a kind of distance from ys to the target
region [';, given by

Vo(ys,I'y) = minA
Ay

st. >0
Y— Y € AZ,
This measure is such that, if y & I’y then A > 1, and if y € T'; then A € [0,1]. In

particular, if y = 3, hence A = 0. Therefore, A has the double role of measuring the
distance to a set and to a point.

In order to formulate the optimization problem as a QP, the cost function is chosen
as in (3.5) and is minimized considering the following constraint:

Ys — Ut S /\Et
with A > 0. This means that y, should remain in a zone that is an homothetic
transformation of ['; centered in ;.
Then, the optimization problem PZ(x,T;) is given by:
Vi’o(m,Ft) = n{oinng(yc,lﬂt;u,@, A)

"y

s.t. (3.4b), (3.4¢), (3.4d), (3.4e), (3.4f), (3.4g)
Ys — Yt € AEy
A>0

where )\ is an optimization variable, and which is a formulation of PZ(x,T;) as a QP



68 3.6. Illustrative example

problem. Notice that problem PZ(z,T;) is a QP problem, for any Z; that is a convex
polyhedron.

In figure 3.4 the trajectories for the double integrator system, from the initial state
zo = (—3,2), for the three situations above mentioned, using the homothetic transfor-
mation method are plotted.

1k
X
s
<' Of Q 9\\} \S
-1 b) -
oL I~ \ a)
_3» =~ -~ o -
_4 1 J
-5 0 5

Figure 3.4: The double integrator system: homothetic transformation.

The zone regions are depicted in solid line while their homothetic transformation are
depicted in dotted line. Notice that, when y; € I'; NY,, the homothetic transformation
of I'; is the target point ;. See how the controller steers the system to the point that
minimize the offset cost function w.r.t. the homothetic transformation.

3.6 Illustrative example

In this section, an example to test the performance of the proposed controller, is pre-
sented. The system adopted is the 4 tanks process presented in the Appendix A. The
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objective of the controller is to maintain the system within some specified zones.

The objective of the simulation is to show how the proposed controller manages a
target set given by a combination of both, output setpoints and output zones. To this
aim, five changes of these target sets have been considered (see table 3.1, where (hY, h9)
is the point around which the system has been linearized defined in the Appendix A),
that are in fact changes of the zones into which the outputs should be steered. In
particular, in the third change of reference, we considered the case in which both
target set and desirable setpoint are not admissible (I' NYs = 0 and y; € Ys), while
the case in which both target set and desirable setpoint are admissible is considered in
the other cases (I NYs # 0 and y; € Ys).

Table 3.1: Target zones used in the example

Ft Ymin Ymaz

T (0.20,0.20) (0.40, 0.40)

s (1.15,1.15) (1.35,1.35)

Tys (0.30, 0.75) (0.40, 0.85)

IV (0.95,0.75) (1.05, 0.85)

L5 | (R, h9) — (0.05,0.05) | (9, h9) + (0.05,0.05)

It is convenient to remark that, inside the zones, there are no preferences between
one point and another. Moreover, an other objective of the example is to show the 3
different implementations of the controller, presented in section 3.5.

3.6.1 Distance from a set: co-norm

In this section, the results of the simulations for the oo-norm distance from a set
implementation of the offset cost function are presented. Figure 3.5 shows the state-
space evolution of the system.

The projection of the domain of attraction onto y, Yy for N = 3, the projection of
the invariant set for tracking Q, = Proj,(€2;), and the region of admissible steady out-
puts Y, are depicted in solid and dashes dotted line. The zone regions are represented
as boxes, and the desirable target points y;, are represented as circles and considered
as the center of the target zones.
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Figure 3.5: State-space evolution for the co-norm formulation.

In Figure 3.6 and 3.7 the time evolution of hy, ho, hs, h4, q, and g is depicted.

The evolutions of the outputs and the artificial references are drawn respectively in
solid and dashed line. The zones are drawn in dotted lines. See how the controller steers
(whenever possible) the system into the output zone, even if the initial condition stays
out of the zone. Furthermore, if the output zone is not admissible, that is I'; N'Y, = 0,
the controller steers the system to the admissible point that minimizes the offset cost
function. This can be seen in the third output zone change (from sample 500 to 750),
in which the outputs hy and hy are steered to stationary value out of the corresponding
zones. In the other cases, it can be seen that the controller steers the outputs into the
zones. This happens because I'; 1Y, # 0 and y; € Y,. Furthermore, and despite it
was not simulated, the proposed algorithm also allows the possibility to include input
target, i.e., specific values for the inputs that are desirable to achieve for economic
reasons.
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Figure 3.6: oo-norm formulation: evolution of iy and hs.
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Figure 3.7: co-norm formulation: evolution of hs, hy q, and gp.

3.6.2 Distance from a set: 1-norm

In this example, the controller is set-up for considering a 1-norm as offset cost function.
The results of the simulations are presented in figure 3.8, which shows the state-space
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evolution of the system, and in figures 3.9 and 3.10, which show the time evolution of
the outputs and of the inputs.

0 200 400 600 800 1000 1200
samples

Figure 3.9: 1-norm formulation: evolution of h; and hs.
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Figure 3.10: 1-norm formulation: evolution of hs, hy q, and gp.

In Figure 3.8 the projection of the domain of attraction onto y, Yy for N = 3,
the projection of the invariant set for tracking €, = Proj,(€;), and the region of
admissible steady outputs Y, are depicted in solid and dashes dotted line. The zone
regions are represented as boxes, and the desirable target points y;, are represented as
circles and considered as the center of the target zones. In figures 3.9 and 3.10, the
time evolution of hy, ho, h3, h4, q, and ¢, is depicted. The evolutions of the outputs
and the artificial references are drawn respectively in solid and dashed line. The zones
are drawn in dotted lines. As in the previous case, the controller steers (whenever
possible) the system into the output zone, even if the initial condition lies out of the
zone. In the third output zone change (from sample 500 to 750), it can be seen how
the outputs are steered to a stationary value out of the corresponding zones, which is
the one that minimizes the offset cost function. This happens because the target zone
is not admissible (I';y NY; = 0). In the other cases, the controller steers h; and hsy into
the zone. This happens because I'y N'Ys # 0 and y € Y,. This formulation, as the
previous one, can also cope with input targets.
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3.6.3 Scaling factor

The last controller implementation proposed in section 3.5, the scaling factor, is pre-
sented in this section. Figures 3.11, 3.12 and 3.13 show the result of this case’s sim-
ulation, which are respectively the state-space evolution of the system and the time
evolution of outputs and inputs.

1

15

T

0.5

Figure 3.11: State-space evolution for the scaling factor formulation.

Asin the two previous cases, in figure 3.11 the projection of the domain of attraction
onto y, Yn for N = 3, the projection of the invariant set for tracking Q, = Proj, (),
and the region of admissible steady outputs Y, are depicted in solid and dashes dotted
line. The polyhedra =; that define the zone regions are represented as boxes, and
the desirable target points ¥, are represented as circles and considered as the center
of the target zones. In Figure 3.12 and 3.13, the time evolution of hy, ho, hs, hy,
¢, and qp is depicted. The evolutions of the outputs and the artificial references are
drawn respectively in solid and dashed-dotted line. The zones are drawn in thick-
solid lines. The main difference between this implementation and the previous is that
when T, NY, # 0 and y; € Y, the controller steers the system to exactly y;, while if



Chapter 3. MPC for tracking target sets 75

i
e
O 1 1 1 1 1 1
0 200 400 600 800 1000 1200
N
e
O 1 1 1 1 1 1
0 200 400 600 800 1000 1200
samples
Figure 3.12: Scaling factor formulation: evolution of h; and hs.
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Figure 3.13: Scaling factor formulation: evolution of hs, hy q, and gp.
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'y NYs = 0 (third reference), the controller steers the system to the admissible point
that minimizes the offset cost function. This last simulation shows that the controller
account for the frequent practical case in which a combination of output set-point and
zones is given. This last implementation allows the possibility to include input target,
as well.

3.7 Conclusions

The zone control strategy is implemented in applications where the exact values of
the controlled outputs are not important, as long as they remain inside a range with
specified limits. In this chapter, an extension of the MPC for tracking for zone control
has been presented, in which the controller considers a set, instead of a point, as target.
The concept of deviation between two points used in the offset cost function has been
generalized to the concept of distance from a point to a set. A characterization of the
offset cost function has been given as the minimal distance between the output and
some point inside the target set. Three different formulations of the offset cost function
have been proposed, to obtain a QP problem.



CHAPTER 4

Robust MPC for tracking target sets
based on nominal predictions

4.1 Introduction

This chapter deals with the problem of robust tracking of target sets for constrained
uncertain linear systems. Usually, in case of robust MPC problems, the control objec-
tive is to ensure stability despite the uncertainties and robust constraint satisfaction
while a certain performance index is optimized. At the same time, dealing with a
tracking problem requires feasibility to be guaranteed under any setpoint change.

Several solutions have been proposed in literature to solve the robust tracking prob-
lem. In (Rossiter et al., 1996; Chisci and Zappa, 2003) an auxiliary controller that is
able to recover the feasibility in finite time is used leading to a switching strategy. The
controllers proposed in (Pannocchia and Kerrigan, 2005; Pannocchia, 2004) are based
on the robust MPC proposed in (Chisci et al., 2001) but consider the change of the
setpoint as a disturbance to be rejected; thus, this technique is able to steer the system
to the desired setpoint, but only when the variations of the setpoint are small enough;
so this solution results to be conservative.

A different approach has been proposed in the context of the reference governors
(Gilbert et al., 1999; Bemporad et al., 1997). This control technique assumes that
the system is robustly stabilized by a local controller, and a nonlinear filtering of
the reference is designed to ensure the robust satisfaction of the constraints. These
controllers ensure robust tracking without considering the performance of the obtained
controller.

A recent approach to the design of robust MPC for constrained linear systems is
the so-called tube-based robust MPC (Langson et al., 2004; Mayne et al., 2005). In
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this case, using a suitable compensation of the effect of the uncertainty based on the
nominal trajectory, a tube containing the uncertain trajectories is calculated. This is
centered in the nominal trajectory and its section is the minimum robust invariant set.
This property allows to formulate the robust MPC control problem as the solution of
a optimization control problem based on nominal predictions.

This robust MPC formulation has been extended to the case of MPC for tracking
set-points in (Limon et al., 2010a). The controller has demonstrated to be a nice
solution to the robust control problem, but the main drawback found is the calculation
of the minimum robust invariant set, since its complexity grows exponentially with the
dimension of the system.

In this chapter, a robust MPC based on nominal predictions is presented. The
controller presented in (Ferramosca et al., 2010a) is extended to cope with the problem
of robust tracking of target sets in presence of additive disturbance. The proposed
controller uses the results presented in (Chisci et al., 2001), in which an MPC based
on nominal predictions and restricted constraints is presented, which ensures stability,
robust satisfaction of the constraints en recursive feasibility. The plant is assumed to
be modeled as a linear system with additive uncertainties confined to a bounded known
polyhedral set. Remarkably, this robust control does not require the calculation of the
minimum robust invariant set and the obtained properties result to be similar to the
ones of the tube-based robust controller.

The derived controller, under mild assumptions, is feasible under any change of the
controlled variables target and steers the uncertain system to (a neighborhood of) the
target if this is admissible. If the target is not admissible, the system is steered to the
closest admissible operating point.

4.2 Problem statement

Consider a plant described by the following uncertain discrete-time LTT system

tt = Az + Bu+w (4.1)
y = Cx+ Du

where € R™ is the state of the system at the current time instant, ™ denotes the
successor state, that is, the state of the system at next sampling time, u € R™ is the
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manipulated control input, y € R? is the controlled variables and w € R™ is an unknown
but bounded state disturbance. In what follows, z(k), u(k), y(k) and w(k) denote the
state, the manipulable variable, controlled variable and the disturbance respectively,
at sampling time £.

The plant is subject to hard constraints on state and control:
(x(k),u(k)) € Z (4.2)

where Z = X x U is a compact convex polyhedron containing the origin in its interior.

Define also the plant nominal model, given by (4.1) neglecting the disturbance input

Tt = AT+ Bu (4.3)
y = Cr+ Du

The plant model is assumed to fulfil the following assumption:

Assumption 4.1

e The pair (A, B) is controllable.

o The uncertainty vector w is bounded and lies in a compact conver polyhedron
containing the origin in its interior

W={weR": A,w < by} (4.4)
that is, w(k) = (:v(k: 1) — Ax(k) — Bu(k)) W for all (z(k),u(k)) € Z.

e The state of the system is measured, and hence z(k) is known at each sample
time.

It is remarkable that no assumption is considered on the number of inputs m and
outputs p, allowing thin plants (p > m), square plants (p = m) and flat plants (p < m).
Moreover, it is not assumed that (A, B, C, D) is a minimal realization of the state-space
model. This allows us to use state-space models derived from input-output models,
that is, using as state a collection of past inputs and outputs of the plant (Camacho
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and Bordons, 2004). The necessity of an observer is also avoided while the global
uncertainty and the noise can be posed as additive uncertainties in the state-space
model (4.1).

The aim of this chapter is to find a control law u(k) = ky(z(k),T;) such that
the system is steered into a (possibly time varying) region I';, which defines the
range into which the controlled outputs should remain fulfilling the plant constraints
(x(k),u(k)) € Z, despite the uncertainties.

4.3 Robust MPC with restricted constraints

In this section, the robust MPC for tracking with restricted constraints (Chisci et al.,
2001) is briefly introduced. In this robust MPC formulation the keystone is to use
predictions based on the nominal system, that is neglecting the disturbance input w,
and to restrict the constraints set X and U, by subtracting a robust positive invariant
set, at any step of the prediction horizon.

This controller is based on a pre-stabilization of the plant using a state feedback
control gain K, such that Ax = A+ BK has all its eigenvalues in the unit circle. The
controlled system is then given by

z(k+1) = Agx(k)+ Be(k) +w(k)
u(k) = Kux(k)+ c(k)

The notion of robust positively invariant (RPI) set (Kolmanovsky and Gilbert, 1998;
Rakovic et al., 2005) plays an important role in the design of robust controllers for
constrained systems. This is defined as follows:

Definition 4.2 A set Q is called a robust positively invariant (RPI) set for the uncer-
tain system x(k + 1) = Agx(k) + w(k) with w(k) € W if AxQ W C Q.

It will be also useful to define the so-called reachable sets, that are outer bounds of
the forced response of the system due to the uncertainty.
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Definition 4.3 The reachable set in j steps, R;, is given by
j—1
S @
i=0

This is the set of states of the nominal closed-loop systems which are reachable in
J steps from the origin, under the disturbance input w, (Chisci et al., 2001). This set
satisfies the following properties:

(i) It is given by the recursion R; @ AW = R, with R, = W.
(ii) AgR; &@W =Rjy1 = R; © AW

(iii) The sequence of sets R; has a limit R, as j — oo, and R, is a robust positive
invariant set.

(iv) Reo is the minimal RPT set.

The proposed robust MPC consider a set of restricted constraints on the nominal
predictions in the optimization problem. These sets are given by:
X;

U,

X o R,
U KR,

£
A
It is important to introduce the following assumption

Assumption 4.4 The sets X; and U; ezist if and only if Roo C X; for all j > 0.

Moreover, the cost function to minimize is defined as follows:

Vi(z;c) Z ()% (4.5)

where ¢ = {¢(0),¢(1),....,¢(N — 1)} and ¥ = ¥’ > 0 is given by ¥ = R+ B'PB. In
(Chisci et al., 2001) and (Pannocchia and Rawlings, 2003) it is proved that, in the case
that K is the gain of the LQR, minimizing V(x;c) is equivalent to minimizing the
following cost function

N—

Z g + la()z + 2V (4.6)
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where Z(j) is the nominal prediction of the model for @(j) = KZ(j) + ¢(j); P is the
unique solution of the Riccati equation.

(A+BK)P(A+BK)—P=—(Q+K'RK)
In fact, the equivalence between cost (4.5) and (4.6) holds since
Vi(zse) = Vi(se) + [|z(0)I

Then, taking K = Kgr, minimizing the cost (4.5) is equivalent to minimize the cost
of the predicted nominal trajectory.

The control objective is to design a nonlinear state feedback k% (z), such that the
system robustly fulfills the constraints. Then the following optimization control prob-
lem P} (c) is proposed:

min  Vy(z;c)
C
x

st. z(0) =z, (4.7)
Z(j+1)=Axz(j)+Bc(j), j € Lon-1 (4.8)
u(j)=Kz(j)+c(j), J € Lo,n-1] (4.9)
z(j) € X5, j€lpn_ (4.10)
u(j) € Uy, j€ljpn- (4.11)
Z(N) € T 0 Ry (4.12)

where ¥ is a polyhedron (Kolmanovsky and Gilbert, 1998), defined as:
Yo & {r: Ax € X;, KAz € Uy, for i > 0}

That is, a robust invariant set for the system z+ = Agx + w for w € W contained in
Xk ={xe X:KzeU}.

The control law is given by
kn(x) = Kz(k) + (0; 2(k)) (4.13)

where ¢°(0; z(k)) is the first term of the optimal sequence calculated at x(k).

In (Chisci et al., 2001, Theorem 8) is also proved that, given a feasible initial
condition z(0), system (4.1) under the control law u(k) = Ky (z(k)) satisfies that:

o z(k) € X and u(k) € U, for all £ >0



Chapter 4. Robust MPC for tracking target sets based on nominal predictions 83

o lim °(0;z(k)) =0

k—o0

o (k) = Ry as k — o0

That is, the uncertain system fulfils the constraints for any possible uncertainty, and
the control law tends to the linear controller. Then the controlled system is steered to
the minimum invariant set.

These results are derived from the demonstration that the sequence
e(a(k + 1)) = {(La(k)), -, (N = L;2(k)), 0} (4.14)

is a feasible solution for z(k + 1), provided the sequence c®(z(k)).

In the next section, this control law is extended to the case of tracking target sets.

4.4 Robust MPC for tracking zone regions based on
nominal predictions

In this section the proposed controller is presented. The proposed controller is a robust
formulation of the MPC for tracking zone regions (Ferramosca et al., 2010a) based on
the robust MPC presented in (Chisci et al., 2001).

As in the regulation case, the nominal model of the plant (4.3) is considered to be
subject to the restricted constraints:

£ XoR, (4.15)
U £ Uo KR;

As in the nominal case presented in the previous chapter, every nominal steady state
and input zs = (s, us) is a solution of the equation

| A-1. B

Us

T ] = 0,, (4.16)

Therefore, there exists a matrix M, € R+™*™ gyuch that every nominal steady state

and input can be posed as
zs = Mayb (4.17)
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for certain € R™. The subspace of nominal steady outputs is then given by
ys = Nob (4.18)

where Ny £ [C' D] Mj.

Defining Z £ Xy x Uy, the set of admissible nominal steady states and inputs and
the set of admissible nominal controlled variables are given by

Zs {(z,u) €2 : (A=I,)x+ Bu=0,,}
s {Cz+ Du: (z,u) € \Zs}

e 1w

N

where A € (0,1).

The proposed controllers is derived following the results presented in the last section.
Firstly, the cost function to minimize is introduced as follows:

N-1

VN(xaFt; C,H) £ Z ||C(]>||?If + VO(yS’ Ft) (419)

J=0

where the pair (zs,us) = Myl is the artificial steady state and input and y; = Ny the
artificial output, all of them parameterized by 6; I'; is the zone in which the controlled
variables have to be steered. Vp(ys, ;) is the so-called offset cost function and it is
such that the following assumption is ensured

Assumption 4.5
1. T'y is a compact convex set.
2. Vol(ys, I'y) is subdifferential and convex w.r.t. ys.

3. If ys € Ty, then Vo(ys, I'y) > 0. Otherwise, Vo(ys, ') >0.

In this case, the plant is pre-stabilized by the following control law

u(k) = Kz(k) + L + c(k) (4.20)
where L = [-KI]My. Then the nominal system can be rewritten as follows:
" = Agz+ BLO+ Be (4.21)

uw = Kx+LO+c
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The optimization problem Py (z,T';) is now given by:

min Vy(z,Ty;c,0)

c,0
st. z(0) ==, (4.22)
T(+)=Az(j)+Bu(j), j € Lon-1 (4.23)
u(j)=Kz(j) + L0+ c(j), j € Lp,n—1) (4.24)
T(j)eX;, j€ o, v -1 (4.25)
u(j) €Wy, jelpn (4.26)
ys = Nob (4.27)
(4.28)

Notice that the decision variables are: (i) the sequence of the future actions of the
nominal system c and (ii) the parameter vector 6 that determines the artificial target
steady state, input and output (s, us, ys ).

Considering the receding horizon policy, the control law is given by
kn (2, Ty) = Ko+ LO°(x,Ty) + (0;2,T)

where °(0;z,T;) is the first element of the control sequence ¢®(x,T';) which is the
optimal solution of problem Py(z,[;). Notice also that, in the following, the optimal
value of the cost function will be denoted as Vy(z,Ts;c,6), the optimal value of the
other decision variable as 6°(z,T;), the nominal optimal state trajectory as x°(z, )
and the optimal artificial reference (22(z,T), ul(z,Ty), y2(x,T})).

Since the set of constraints of Py(x,I";) does not depend on I';, its feasibility region
does not depend on the target region I';. The feasible set of the proposed controller
is a polyhedral region Xy C R”™ given by the set of initial states that can be steered

into ; = Proj,(Qf) in N steps fulfilling the constraint (4.25), for all admissible dis-
turbances.

4.4.1 Stability of the proposed controller

Consider the following assumption on the controller parameters:

Assumption 4.6
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1. Let K € R™*™ be a stabilizing control gain such that the eigenvalues of (A+ BK)
are 1n the unit circle.

2. Define the extended state x, = (x,0), and

A= [A+BK BL}
0 I,

where L = [— K I,,]My. Define also

X! ={(2,0): 2 € X;, Kz + LO € U;, My € N2}

and
Y ={z,: Atz € X!, fori>0}
Then
Qt — Et @ (RN X {O})

In the following theorem, stability and constraints satisfaction of the controlled
system are stated.

Theorem 4.7 (Stability) Consider that assumptions 4.1, 4.4, 4.5 and 4.6 hold and

consider a given target operation zone I'y. The system controlled by the proposed MPC
controller ky(x,T) is such that:

(i) For all initial condition x(0) € Xy and for every I'y, the evolution of the system is

robustly feasible and admissible, that is, x(7) € Xn and (x(7), kn(x(7),1:)) € Z,
Vw(k) eW, k=0,1,---,j— 1.

(1) limg_o (k) =0

(i) If Ty N'Y, # O then the closed-loop system asymptotically converges to a set
7(00) ® (C' 4+ DK)Ry, such that y(oo) € Ty.

(iv) IfTyNY, =0, the closed-loop system asymptotically converges to a set y* @ (C +
DK)R, where y: is the reachable nominal steady output such that

y: £ arg min Vo (ys, It)

Ys€Ys
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4.5 Stability proof

In this section, the stability proof of theorem 4.7 is presented. Firstly, it is necessary to
introduce some lemmas. To this aim, define as (c’(z(k),T),0°(x(k),T)) the optimal
solution of problem Py(x,I';) at the time instant k, where

c(z(k),Ty) = {(0;2(k),Ty), (1 2(k), Ty), ..., (N — 1;2(k),T,)}
Define the control sequence
c(x(k+1),Ty) = {1 2(k),Ty), ..., (N — 1;2(k),T,), 0}
and define 0(x(k+1),T}) = 6°(x(k),T}). Moreover, define as #(j; z(k+1),T;) the j-th
step prediction, given z(k + 1). Hence

j—1

F(ja(k+1),Ty) = Aja(k+1)+ > AWB[e(j —i— La(k+1),Ty) + LO(x(k +1),T,)]

i=0
In what follows, the dependence from (z,I';) will be omitted for the sake of clarity,
namely, z(j; k) will denote z(j; z(k), ).

Lemma 4.8 For all j =0,...,N —1
Pk +1) —2(j + 1; k) = Alw(k)

Proof: Since
PG+ 1;k) = AR2 (k) + Y AR B[(j — i k) + LO°(k)]
i=0

and
Bjik+1) = Aa(k+1)+ ) AYB[E(j —i— Lik+1)+ Lo(k + 1)]
=0
7j—1

= Aja(k+1)+)  ARB[(j —irk) + LO°(k)]
hence _
ik +1) —2(+ Lk) = Afa(k+1) —2°(L;k)]
= Alw(k)
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Lemma 4.9 If 2°(j; k) € X, then #(j — 1;k+ 1) € X;_1, for all j =0,..., N.

Proof: Since Z(j — 1;k + 1) = 2°(j; k) + A% "w(k), then
. ]_1 .
H(j-Lk+) eX; @ AW = Xo[@PAW] e AW

1=0

j—2
= xo [ AW]
=0

= :X‘j—].

Lemma 4.10 If Kz°(j; k) +"(j; k) + L8°(k) € Wy, then K&(j—1;k+1)+¢(j— Lk +
1)+ LOk+1)e Uy, forallj=1,...,.N —1.

Proof: Taking into account that
K7%(j; k) + (G k) + LO°(k) = Ki(j—1; k1) — KAy w(k) 4 E(5—1; k+1) + LO(k+1)

hence
Ki(j—Lk+1) 4+ —LE+1)+LOk+1) €Uy @ AW

and
U@ A'W=USKR; @ Al.'"W=US KR; 1 =U;_,

Lemma 4.11 [Recursive feasibility of the terminal constraint|/For all k > 0,

(@(N: k), 0°(k)) € Qf

Proof: Consider that at time &k (z°(N;k),68°(k)) € Q¢. Since Q¢ = ¥, & (Ry x 0),
hence
(Z°%N —1;k+1),0°(k+1)) € X, 0 (Ry x 0) @ (AR "W x 0)
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Then, since (2°(N;k+1),0%k + 1)) = A, (z°(N — 1;k +1),0°k + 1)), hence
(N k1 1,070k 4+ 1)) € A5 6 (Ax(Ry © ALW) x 0)
Taking into account that Ax(Ry © A%’W\?) =Ry ©W, then

(Z°%N;k+1),0°k +1)) € AX @ (WS Ry) x0) C %, 0 (Ry x 0) = QF

4.5.1 Proof of theorem 4.7

In what follows, it will be proved that the closed-loop system is ISS for all z(0) € Xy.

Proof: From lemmas 4.8, 4.9, 4.10 and 4.11, it is derived that the couple (¢(k +

1),0(k + 1)) is a feasible solution of problem Py(x,T%).

Consider now the optimal value of the cost function VY (z(k), ), due to the optimal
solution of problem Py(x(k),T;), given by (c%(k),0°(k)). Define

N-1

Vi(a(k+1),T4;€,0) =Y lé(j; k+ 115 +Vo(ys, T

=0
Comparing Vi (z(k+1),Ty;¢,0) with V3(z(k),T;), we have that
Vn(a(k +1), T €.0) = Vy(z(k),Tr) = —[[ (0 k) 1§
and hence, by optimality:
Vy(@(k+1),Ty) = Vy(x(k), Te) < =[I"(0: k)5
Since ¥ > 0, we can state that:
k11_1>1010 A0;k) =0

and (i) is proved.

The fact that ¢°(0; k) — 0 implies that u(k) — K(x(k) —2%(k)) +u%(k), and hence:

z(k) = 22(k) ® R, u(k) = ul(k) ® KRuo
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Using the same arguments as in the chapter 2, it can be proved that (z9(k),u%(k))
converges to the optimal equilibrium point (2%, u¥) which is the minimizer of the offset

cost function Vo (ys, I'y).

Now, the stability of the equilibrium point will be proved. If the uncertainty is null,
then (following chapter 2) the system is asymptotically stable in (a%,u¥). If w # 0,
the continuity of the control law provides that the closed-loop system is such that
the closed-loop prediction ¢ (j;z, w) = ¢(j; x, ky(z,Ty),w) is continuous in z and w.
Then, resorting to ISS arguments (Limon et al., 2009a), it can be proved that there
exist a KL function § and a X function v such that

(k) — x| < B(lx(0) — 2], k) +~(lwl)
for all initial state z(0) € Xy and all disturbances w(k). n

4.6 Properties of the proposed controller

The proposed controller is a robust formulation of the MPC for tracking target sets
presented in chapter 3. As a consequence, it inherits all the good properties of that
controllers:

e Steady state optimization The proposed controller steers the system to a
neighborhood of the optimal operating point according to the offset cost function
Vo(ys,I't). Then it can be considered that the proposed controller has a steady
state optimizer built in and Vp(ys, [';) defines the function to optimize.

e Feasibility for any reachable target zone The controller is able to guarantee
feasibility for any I'; and for any prediction horizon N. Then, it can be derived
that the proposed controller is able to lead the system to any admissible target
zone (i.e. Ty MY, # 0) even for N = 1, if the system starts from an admissible
equilibrium point.

e Changing target zones Since the set of constraints of Py(x,I";) does not de-
pend on I', its feasibility region does not depend on the target operating point
I';. Therefore, if I'; varies with the time, the results of theorem 4.7 still hold.

e Input target The proposed controller can be formulated considering input tar-
gets of the form t,,;, <ty < Upaq, by defining an offset cost function Vo (us, I'y )
subdifferential and convex w.r.t. us, where I',; is a convex polyhedron.



Chapter 4. Robust MPC for tracking target sets based on nominal predictions 91

e Enlargement of the domain of attraction The fact that the terminal con-
straint is an invariant set for any equilibrium points makes this set (potentially)
larger than the one calculated for regulation to a fixed equilibrium point. Conse-
quently, the domain of attraction of the proposed controller is (potentially) larger
than the domain of the standard MPC. This property is particularly interesting
for small values of the control horizon.

e Optimization problem posed as a QP Since all the ingredients (functions
and sets) of the optimization problem Py(x,T';) are convex, then it derives that
Py (z,T}) is a convex mathematical programming problem that can be efficiently
solved in polynomial time by specialized algorithms (Boyd and Vandenberghe,
2006). As in (Ferramosca et al., 2010a), this problem can be re-casted as a stan-
dard QP problem, with a certain choice of the offset cost function. In particular,
three formulations allow this recasting:

(i) distance from a set as co-norm
Vo(ys, Ty) 2 min||ys — ylleo (4.29)
yel'y
(ii) distance from a set as l-norm

Vo(ys, Ty) £ min|lys — vyl (4.30)
yelt

(iii) distance from a set as a scaling factor: in this implementation, the target
region is defined as
L2y ®F,

where y; is a desired target point and =Z; is a polyhedron that defines the
zone. Then

Vo(ys, I't) = wmin A (4.31)
st. A>0
Y — Yt € AE
See (Ferramosca et al., 2010a) or chapter 3 for more details on how to recast the
optimization problem Py(z,[;) to obtain a QP problem.

4.7 Illustrative example

In this example, the proposed controller has been tested in a simulation on the 4 tanks
process presented in the Appendix A. The objective of this test is to show how the
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controller maintains the system within some specified zones, rejecting the disturbances
applied to the system.

To this aim, in the test, five target zones have been considered. The limits of these
zones are given in table. 4.1 Notice that (h9, k9, h3, h}) is the point around which the

Table 4.1: Target zones used in the example

Ft Ymin Ymax

T, (0.20,0.20) (0.40,0.40)

Ts (1.15,1.15) (1.35,1.35)

T (0.30,0.75) (0.40, 0.85)

IV (0.95,0.75) (1.05,0.85)

Tys | (B9, 1Y) — (0.05,0.05) | (h9,h9) + (0.05,0.05)

system has been linearized (see Appendix A). Notice also that I'; 3 is an unreachable
zone for the system.

The initial state is o = (0.65,0.65,0.6658,0.6242). An MPC with N = 3 has been
considered. The weighting matrices have been chosen as Q = I, and R = 0.01 x I5.
The disturbances are bounded in the set W = {w : ||w||s < 0.005}. The gain matrix
K is the given by the LQR, and matrix P is the solution of the Riccati equation. The
offset cost function Vp has been chosen as described in (4.31). This choice is motivated
by the fact that, if R, C =, then the controller will steer the system into the zone,
while in the other case the system will be driven on the boundary of the zone. The
system has been discretized using the zero-order hold method with a sampling time of
15 seconds.

Figure 4.1 shows the state-space evolution of the system.

The projection of the invariant set {2, onto Y, €2, is plotted in dashed-dotted line,
while the projection of the domain of attraction Y, with N = 3, is plotted in solid line.
The region of admissible steady outputs Y is depicted in dashed line. The blue boxes
represent the zones while the light blue sets are the minimum robust invariant set R,
centered in the equilibrium point. The desirable target points y;, are represented as
circles and considered as the center of the target zones. See how the controller steers
the system into the zone when is possible and however always into the set y: ® R, as
stated in Theorem 4.7.
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Figure 4.1: State-space evolution of the trajectories.

In Figures 4.2 and 4.3 the time evolution of hy, hy, hs, hy, g, and g, is depicted.

The evolutions of the outputs and the artificial references are drawn respectively

in solid and dashed line. The zones are drawn in dotted lines. See how the controller
steers the system into the output zone, when is possible, rejecting the disturbances.
As already said, I';3 is not admissible, that is I'y N'Ys = (0. In this case the controller
steers the system to a region y; @ R, where 7 is the admissible point that minimizes
the offset cost function. In the other cases, it can be seen that the controller steers the
outputs into the zones. This happens because I'y 1Y, # 0 and y; € Y.
At the sample time 7" = 1050, an impulsive perturbation has been applied to the
system. It is clear from figure 4.3 how the controller reacts to this perturbation. As a
consequence, in figure 4.2 it is possible to see how, after the perturbation, the system
is once again driven into the target zone.
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Figure 4.2: Time evolution of hy and hs.
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Figure 4.3: Time evolution of hs, hy q, and gp.

4.8 Conclusion

The zone control strategy is implemented in applications where the exact values of
the controlled outputs are not important, as long as they remain inside a range with
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specified limits. In this chapter, a robust extension of the MPC for tracking zone regions
control has been presented, based on nominal predictions and restricted constraints.
From a tracking point of view, the controller considers a set, instead of a point, as
target. The concept of deviation between two points used in the offset cost function has
been generalized to the concept of distance from a point to a set. A characterization of
the offset cost function has been given as the minimal distance between the output and
some point inside the target set. The controller ensures recursive feasibility and robust
satisfaction of the constraints by using nominal predictions and restricted constraints.






CHAPTER 5

Distributed MPC for tracking

5.1 Introduction

Large scale control systems usually consist of linked unit of operations and can be di-
vided into a number of subsystems controlled by different agents which may or may not
share information. A first approach to this problem is decentralized control, in which
interactions between the different subsystems are not considered (Sandell Jr. et al.,
1978). The main issue of this solution appears when the intersubsystem interactions
become strong. Centralized control, a single agent controls the plantwide system, is
another traditional solution that can cope with this control problem. The main prob-
lems of this solution are the computational burden and the coordination of subsystems
and controller. Distributed control schemes, where agents share open-loop information
in order to improve closed-loop performance, solve many of these problems (Rawlings
and Mayne, 2009, Chapter 6).

The difference between the distributed control strategies is in the use of this open-loop
information. In noncooperative distributed control each subsystem considers the other
subsystems information as a known disturbance (Camponogara et al., 2002a; Dunbar,
2007). This strategy leads the whole system to converge to a Nash equilibrium. In
cooperative distributed control the agents share a common objective and optimize a
cost function that can be considered as the whole system cost function (Venkat, 2006;
Pannocchia et al., 2009; Stewart et al., 2010). This strategy is a form of suboptimal
control: stability is deduced from suboptimal control theory (Scokaert et al., 1999) and
converge to a Pareto optimum is ensured.

MPC is one of the most used control structure to cope with distributed control.
In (Magni and Scattolini, 2006) an MPC approach for nonlinear systems is proposed,
where no information is exchanged between the local controllers. An input-to-state
stability proof for this approach is given in (Raimondo et al., 2007b). In (Liu et al.,
2009, 2008) the authors present a controller for networked nonlinear systems, which is
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based on a Lyapunov-based model predictive control. In (Venkat et al., 2007; Stewart
et al., 2010) a cooperative distributed MPC is presented, in which suboptimal input
trajectories are used to stabilize the plant.

In this chapter, the MPC for tracking presented in (Limon et al., 2008a) and (Fer-
ramosca et al., 2009a) is extended to the case of large scale distributed systems. Among
the different solutions presented in literature, in this chapter we particularly focus our
attention on the cooperative formulation for distributed MPC presented in (Rawlings
and Mayne, 2009, Chapter 6), in (Venkat, 2006) and in (Stewart et al., 2010). In
this formulation, the players share a common objective, which can be considered as
the overall plant objective. This means that any player calculates its corresponding
inputs by minimizing the same and unique cost function, by means of an iterative (and
hence suboptimal) distributed optimization problem. Stability is proved by means of
suboptimal MPC theory (Scokaert et al., 1999).

Consider a system described by a linear invariant discrete time model

T = Az + Bu (5.1)
y = Czx+ Du

where x € R" is the system state, u € R™ is the current control vector, y € RP is the
controlled output and x7 is the successor state. The solution of this system for a given
sequence of control inputs u and initial state = is denoted as x(j) = ¢(j;z,u) where
x = ¢(0; z,u). The state of the system and the control input applied at sampling time
k are denoted as x(k) and u(k) respectively. The system is subject to hard constraints
on state and control:

z(k)e X, wuk)eU (5.2)

forall £ > 0. X C R" and U C R™ are compact convex polyhedra containing the
origin in their interior. It is assumed that the following hypothesis hold.

Assumption 5.1 The pair (A,B) is stabilizable and the state is measured at each
sampling time.

5.1.1 Characterization of the equilibrium points of the plant

The steady state, input and output of the plant (zs, us, ys) are such that (5.1) is fulfilled,
ie. ry = Ar, + Bug, and y, = Cr, + Du,.
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We define the sets of admissible equilibrium states, inputs and outputs as

Zs = {(x,u) € X xU | x = Az + Bu} .
Xs = {z € X | Ju € U such that (z,u) € Z,} (5.4)
Ys = {y=0Cr + Dy | (z,u) € AZs}

Notice that X is the projection of Z, onto X.

The steady conditions of the system can be determined by a suitable parametriza-
tion. In (Limon et al., 2008a) the authors state that the steady state and input (x, us)
of the system can be parameterized as a linear combination of a vector 6 € R™. In
order to present the results of this paper in a more intuitive way, we choose a steady
output ys to parameterize every equilibrium point (zs,us). This parametrization is
possible if and only if Lemma 1.14 in (Rawlings and Mayne, 2009, p. 83) holds. If this
condition does not hold, the parametrization presented in chapter 2 has to be used.

Under assumption 5.1 and Lemma 1.14 in (Rawlings and Mayne, 2009, p. 83), any
steady state and input of system (5.1) associated to this ys, namely, every solution of
the following equation,

Ts
A—1, B 0 0,
P g [ =] 0™ (5.6)
cC D —I 0,1
Ys

is given by (x5, us) = M,ys, where M, is a suitable matrix.

5.1.2 Distributed model of the plant

In this chapter, a distributed control framework is considered based on a suitable
partition of the plant into a collection of coupled subsystems. In virtue of (Stewart et
al., 2010, Section 3.1.1) and (Rawlings and Mayne, 2009, Chapter 6, pp. 421-422), we
consider that the plant given by (5.1) is partitioned in M subsystems (where M < m)
modeled as follows:

M

j=1

~

M
yi = Cii+ Z Diju;

j=1
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where z; € R, u; € R™, y; € R, A; € R"*" and B;; € R"*™i. Without loss of
generality, it is considered that u = (uy, -+, upy).

As proved in (Stewart et al., 2010), any plant can be partitioned as proposed for
a certain definition of z;. If the couple (C;, A;) is observable, the inner state of the
partition can be calculated or estimated from the measured output of the subsystem

Yi.

For the sake of simplicity of the exposition, the results will be presented for the
case of two players game. In this case, the plant can be represented in the form:

+ — - - ro_ - roo_ -
x A T B B
1 _ 1 1 n P11 urt P12 s
X2 i A2__$2_ _B21_ _B22_
e Ml [ Dy [ D]
n _ 1 1 I 1 urt 12 s
Y2 i 02__$2_ _D21_ _D22_

The solution of this system, given the sequences of control inputs u; and u, and initial
state x is denoted as x(j) = ¢(j; x, uy, uy) where z = ¢(0; x, uy, uy).

The problem we consider is the design of a cooperative distributed MPC controller
to track a (possible time-varying) plant-wide target output y; = (y¢1,¥:2). The pro-
posed distributed controller will ensure convergence to the target if this is admissible
or as close as possible if not admissible. This control law is shown in the following
section.

5.2 Cooperative MPC

Among the existing solutions for the distributed predictive control problem, we focus
our attention on the cooperative game (Stewart et al., 2010; Rawlings and Mayne,
2009, Chapter 6, p. 433). In this case, the two players share a common (and hence
coupled) objective, which can be considered as the overall plant objective.

N—-1
Vi, ysu) = ) Jle()—zlld + lluli) —uelk + la(N) =23
§=0

where x = (z1,22), u = (uy,us) and (zy, ug, y;) defines the state, input and output of
the target, that it is assumed to be an equilibrium point of the centralized model of
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the plant.

In cooperative distributed MPC, each i-th agent calculates its corresponding input
u; by solving an iterative decentralized optimization problem. The solution of the i-th
agent at the iteration p will be denoted as u?’]. Based on this, the solution of each
agent at the next iteration p + 1 is calculated from the solution of the optimization
problem P¢(z, v, ul?)) for the i-th agent, that depends on the state z = (1, 23), the

target y; and the solution of the p-th iteration ul’) = (u[lp ],u[2p ]). The optimization
problem P¢(z,y, ul”)) is given by:
u = arg min Vg (z, y1; 1) (5.8a)
s.t. (5.8b)
2
rq(J +1) = Agzy(j) + Z Bueue(j), g € Iig (5.8¢)
21(0) = x1, 22(0) = 29 (5.8d

(uf’, uf’) = ul”,

W(]):UEP}(J') Celiy)\ i,

(z1(5), 22(j)) € X,

(u(§),us(j)) €U, j=0,..,N—1
1

(x1(N),z2(N)) = (5.8i

Denoting the optimal solution of this problem as u?, the solution at the current iteration
p+ 1 will be given by

[p-l—l} = wlul + wgu[p] (59&)
ugjﬂ] = wul + wyud (5.9b)
w; +wy = 1 wl,w2>0

At time k, the iterative method finishes at the iteration p, once the computation time
is expired or a given accuracy of the solution is achieved. Then the best available
solution u; = [p](()) and us = u[QP}(O) is applied to the plant. Hence, the overall
predictive controller can be considered as a suboptimal MPC since the distributed

solution is a suboptimal solution of the centralized MPC problem.

Based on the stability theory of suboptimal MPC, it has been demonstrated that
this decentralized approach ensures recursive feasibility, optimality (in case of uncou-
pled constraints) and asymptotic stability under mild assumptions. See (Rawlings and
Mayne, 2009, Chapter 6, pp. 446-453) and (Stewart et al., 2010) for a more detailed
exposition.
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If the setpoint of the controller (y:1,y:2) is changed, then the corresponding equi-
librium point of the optimization problem (xy,us, y;) must be recalculated solving a
target problem. In distributed MPC this target problem is typically solved in a dis-
tributed way in such a way that there is a target problem for each agent (Rawlings and
Mayne, 2009, Section 6.3.4). If the constraints of each subsystem are decoupled, then
the distributed target problem ensures that the distributed controller steers the system
to the calculated target. But if the constraints of the problem are coupled, then the
optimality of the target problem might be lost, and the controller might fail to steer
the plant to the desired target. In this case, it is recommended to use the centralized
approach to solve the target problem.

On the other hand, for a centralized or a distributed target problem solution, the
distributed controller may become infeasible due to the change in the setpoint, leading
to the necessity of redesigning the controller.

In this chapter, a new cooperative distributed MPC for tracking is presented aimed
to ensure convergence to the centralized optimal target solution and guaranteeing fea-
sibility after any change of the setpoint of the plant.

5.3 Cooperative MPC for tracking

The distributed control scheme proposed in this chapter extends the MPC for tracking
presented in (Limon et al., 2008a; Ferramosca et al., 2009a) to a cooperative distributed
framework. As in the centralized case, an artificial equilibrium point of the plant
(s, us,ys), characterized by ys, is added as decision variable and the following modified
cost function is considered:

N-1
Vv, ys) = Y Jle()—2llg + lu@) —ulk + [o(N) =5 + Vo(ys. vr)
=0

where © = (21, 23), u = (w3, uy) and (zg, us, ys) is the artificial equilibrium point of the
plant given by ys. The function Vo (ys, y;) is the so called offset cost function and it is
defined as follows:

Definition 5.2 Let Vo (ys, y:) be a convex and positive definite function in ys such that
the minimizer of
min Vo (ys, Yt)

Ys€Ys
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1S UNLQUE.

This function Vo(ys,y:) is a measure of the (economic) cost associated to a given
setpoint ys. This function is typically chosen as a function of the distance ||ys — y||
(Ferramosca et al., 2009a).

The following assumptions are considered to prove stability of the controller:

Assumption 5.3

1. Let R € R™™ be a positive semidefinite matriz and Q) € R™™ a positive semi-
definite matriz such that the pair (QY%, A) is observable.

2. Let K € R™™ be a stabilizing control gain for the centralized system, such that
(A+ BK) has all the eigenvalues in the unit cirle.

3. Let P € R™"™ be a positive definite matriz for the centralized system such that:

(A+BK)YP(A+BK)—P=—(Q+K'RK) (5.10)

4. Let QF C R™P be an admissible polyhedral invariant set for tracking for system
(5.1) subject to (5.2), for a given gain K (Limon et al., 2008a).
That is, given the estended state a = (x,ys), for all a € Qy, then a™ = A,a € QF,
where A, 1s the closed-loop matriz given by

0 I

p

A, = {A—I—BK BL]

and L = [-K, I,|M,. Furthermore 2 must be contained in the polyhedral set
Wy given by

Wy={(z,ys) € X xYs: Kz + Ly, € U}

As in the regulation case, the control action to be applied at each sampling time
is calculated by an iterative method where an optimization problem for each agent is
solved at each iteration. The optimization problem that each i-th agent solves at the
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p + 1 iteration is denoted as P;(x,y,, ul!) and it is given by:

() = argminVi(, i u,y) (5.11a)
s.t. (5.11b)
2q(j +1) = Agze(j) + Z Byue(j), g € Lig (5.11c¢)
/=1
21(0) = 21, 22(0) = 29 (5.11d)
(uf ull) = ul, (5.11e)
ue(j) = uf’ (j) ﬁeﬂlz\z (5.11f)
(w1(4), w2(4)) € (5.11g)
(u1<])7u2(])) j :Ov"'vN_ 1 (511h)
(@(N),ys) € Q? (5.11i)

Based on the solution of this optimization problem for each agent, namely u? and
ud, the solution of the p + l-iteration is given by

u[1p+1] = wu! + wgugp} (5.12a)

uP = 4 wpul) (5.12b)

yrtt = wlys,l + w2ys,2 (5.12¢)
wy+wy, = 1 wy,wy >0

As in (Stewart et al., 2010) once the algorithm reaches the last iteration p, the inputs
of the plant are u, (k) = ul (O k) and us(k) = u2 (O k).

To proceed with the analysis of the proposed controller, we will denote

v = <u17 Uz, ys)

v is said to be feasible at z if each optimization problem P;(z,y:, (ui,uz)) is feasible
for all 7 € I;.5. The set of states for which there exists a feasible v is denoted as Xy.
Notice that this set is equal to the feasible set of the centralized MPC for tracking
(Limon et al., 2008a), i.e. the set of states that can be admissibly steered to Proj,(€¢)
in N steps. Besides, we will denote Viy(z, yt,v) = Vy(z, 4, (ug, uz)).

In order to define precisely the proposed cooperative control scheme, the initial
solution v of the iterative procedure (5.12) must be defined. Since the proposed dis-
tributed MPC can be considered as a suboptimal formulation of the centralized MPC,
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this initialization plays the role of the warm start of the suboptimal MPC and deter-
mines recursive feasibility and convergence of the control algorithm. In cooperative
MPC for regulation (Stewart et al., 2010; Rawlings and Mayne, 2009), the warm start
control sequence is obtained by discarding the first input, shifting the rest of the se-
quence forward one step and setting the last input to steady input of the target. In
this paper we propose the following algorithm:

Algorithm 5.4

Given the solution v(k), the objective is to calculate the warm start at sampling
time k + 1, denoted as

vk + D)0 = (uy(k 4+ D)0 uy (k + DOy (k + 1)),

1. Define the first candidate initial solution:

(k1) = {w(L; k), ...,us (N — 1;k)uc1(N)}

o (k1) = {ua(L;k),...,us(N — 1;k),uc2(N)}
where

ue(N) = (uei(N), uca(N)) = Ka(N) + Ly (k)
is the centralized solution given by the centralized terminal control law, and x(N) =
O(N; z(k), wy (k), us(k)).

2. Define the second candidate initial solution:

(k1) = {a01(0), oo, tlor (N — 1)}
ﬁ2<k+1) = {ac,2(0)7"‘7ac,2(N_1)}

where (te1(7), Ue2(7)) = c(y) and
2(0) = z(k+1)
#(j+1) = (A+BK)i(j)+ BLy (k), j € Ti.v_o
ic(j) = Ki(j)+ Ly] (k)

3. IF (z(k+1),y)(k)) € Q¢ AND Vy(z(k+1),y,,0) < Vn(z(k+1),3,0)
SET
vk + 1) = (a, (k + 1), d(k + 1), y°(k))
ELSE
v(k+ D)% = (@ (k + 1), ta(k + 1), y°(k))
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As usual in the suboptimal MPC optimization algorithm, the proposed warm start
for the first optimization iteration p = 0 is given by the previous optimal sequence,
shifted of one position, with the last control move given by the centralized terminal
control law applied to the predicted terminal state of the overall plant and the same
artificial steady output, that is (0;(k + 1), 02(k + 1),ys(k)). But, according to the
algorithm, when the state of the system reaches the invariant set for tracking, that is
(z(k+1),4%(k)) € Q¢, it is desirable that the distributed MPC achieves a better cost
than cost of using the centralized terminal controller. If this is not possible, that is
Vn(z(k + 1), y,0,ys(k)) < Vn(x(z + 1), 4, 0,ys(k)), hence the centralized terminal
control law is chosen as warm start. With this choice convergence, to the optimal
centralized target and controllability of the solution are ensured.

Remark 5.5 In case of terminal equality constraint, that is, Q0 = Xg X Ys, this algo-
rithm can be used taking as terminal controller the dead-beat controller, as matriz P
the corresponding solution of (5.10) and N > n.

At each sampling time k, the initial warm start vI(k) is calculated using algorithm
5.4 and then, vPI(k) is obtained from the iterative procedure given by (5.11) and (5.12).
At a certain number of iteration p, the final solution, denoted as

v(k) = (uf (k),ud (k), §7 (k)),

is achieved. This solution is a function of: (i) the current state (k) and (i7) the initial
feasible solution vI%(k) that depends on v(k — 1). Then, following (Stewart et al.,
2010), the overall control law can be posed as

vik+1) = g(x(k),v(k)) (5.13a)
x(k+1) = Axz(k)+ BHv(k) (5.13b)

where ¢ is a suitable function and H is an appropriate constant matrix.

The stabilizing properties of this controller are stated in the following theorem.

Theorem 5.6 [Asymptotic stability/ Consider that the assumptions 5.1 and 5.3 hold.
Let X be the feasible set of states of problem (5.11). Then for all x(0) € X and for
all y;, the closed-loop system is asymptotic stable and converges to an equilibrium point
(¥, ul) = Myyt such that

y, = arg min Vo (ys, yi)
ysegs

Moreover, if y: € Ys, then yi = y;.
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5.4 Properties of the proposed controller
The proposed controller provides the following properties to the closed-loop system:

e Asin the centralized case (see chapter 2), the domain of attraction of the proposed
controller is (potentially) larger than the domain of the standard distributed
MPC, since this set is defined for any equilibrium point.

e The proposed controller is able to track any changing setpoint, maintaining the
recursive feasibility and constraint satisfaction, since the optimization problem is
feasible for any ;.

e In cooperative MPC, the target problem solved in a distributed way, converges
to the centralized optimum only if the constraints are uncoupled. In case case of
coupled constraints, it is recommended to use the centralized approach to solve
the target problem (Rawlings and Mayne, 2009, Section 6.3.4).

The proposed controller ensures convergence to the centralized optimal equilib-
rium point, since every agent solves an optimization problem with a centralized
offset cost function. Remarkably, this property holds for any suboptimal solution
provided by the controller due, for instance, to the effect of coupled constraints
between agents, or to a small number of iterations p. Furthermore, this equilib-
rium point is the admissible equilibrium which minimizes the offset cost function.

5.5 Stability proof

In this section, the proof of Theorem 5.6 and the lemmas necessary to this proof, are
presented.

Lemma 5.7 [Recursive feasibility] Given a feasible initial solution vI°'(k), the solution
vIPl(k) is feasible Vp > 0 and k > 0,.

Proof:

e Recursive feasibility of the iteration p.
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Consider £ = 0 and p = 0. Since U and €)f are convex sets and the two triples
(uf s o V), w3yl (2, g, v7)) and (), uf (e, i VI, (2 i, V1)) are fea-
sible solutions, hence the convex combination of these solutions is also feasible.
Similarly, this is proved for any p > 1.

e Recursive feasibility of the time instant k.

Consider that the solution v(k) is achieved and vI%(k + 1) is calculated by the
algorithm 5.4. If (x(k + 1),4%(k)) € Q¢, and Vy(z(k + 1),y;,0) < Vn(x(k +
1),y 1), then vl9(k + 1) is feasible since the centralized terminal control law
provides a feasible solution. Otherwise, the standard shifted solution is used,
which is feasible thanks to the feasibility of the terminal controller.

Lemma 5.8 [Convergence of the algorithm| For any k > 0 and p > 0, the obtained
cost function is such that

V(2 (k), o, VPHI(R)) < Vi (2 (k), yo, vI (K))

Proof:

In this proof, the time dependence has been removed for the sake of simplicity.
Given the solution vIPI(k), the following two solutions are computed

ve = (u(z,y,ul”) ull 4
Vy, = (u[lp]vug(xaytau[p])?yLM)

From the definition of P;(z, y;, u!), these two solutions are feasible for this optimization
problem. Besides both solutions provide a lower cost than v[?!,

Then from convexity of the optimal cost function and the fact that viP*! is the optimal
solution of P;(z, v, u”), we have that

VN(‘Tvyt?V[p-i_l}) S wlvN('xayhva) +w2VN(xayt7vb)
<

ZU1VN($, Y, V[p]) + U)QVN(I’, Y, Vb)
- VN(x7yt7V[p])
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Lemma 5.9 [Local bounding| Let k be an instant such that (x(k),yLO](k)) € QF. Then

Viv((k), yis ul (k), ul (k), o (k) < [l (k) — 2O E) |12 + Vo (k), )

Proof: If (z(k), yLO](k)) € Qf, hence the initialization of the algorithm ensures that
Viv (k) s iy’ (k) 03" (k). o7 () < [l (k) = 2l ()15 + Vol (k). )

This fact and lemma 5.8 prove the lemma. [ |

Lemma 5.10 Let yoo and a time instant k such that, (voo,ut(j;k)) = Myys and
ys(k) = Yoo Then; V]?f(-’”ooa?/t) = VO(yooayt)'

Proof: It is clear that y,, is a fixed point for the closed-loop system. At time k: x(k) =
Tooy, UW(K) = Uso, Ys(k) = Yso. This implies that z(k + 1) = z and yLO](k; +1) = Yoo,

and hence (z(k + 1),y (k + 1)) € Q2. Hence
Vet 1),90) < Vil 1), 0y (ke 1), w5 (ke 1),y (k1)
< ek +1) =2l (k+ )12 + Vo(y, ve)
Since z(k + 1) = 14 and yoo = yLO](k; + 1), hence Vi (Zoo; ¥) < Vo(Yoos Ye)-
Let VY (oo, y¢) be the optimal centralized solution taking ys = yoo. Then, V (Too, 1) =
Vo(Yso, y¢). Hence, since yo, is a fixed point, y°(k + 1) = yo. Therefore, (uf(k +
1),ud(k 4+ 1)) is a suboptimal solution of the centralized problem, and hence

Va(@(k+1),50) > Vyo(o(k +1),5) = Vi o(2ec) = Vo (Yoo, v1)

which proves the lemma. [ |

5.5.1 Proof of theorem 5.6

Proof: Given the initial solution in x(0), u[lo}(O) and u[20](0), lemma 5.7 ensures that
uf(k) and uj(k) are admissible and moreover z(k) € X for any k.
From lemma 5.8:

VI(x(k+1),y0) — Vi (a(k), ve) (@ (k1) ypul” (k1) uy) (k1) 50 (k1)) -V9 ((K), )
(x(k+1 yt;ﬁl(k+1),ﬁ2(k:+1),yg(k))—vﬁ(x(k),yt)

VN
Vi :
[l (k) — 22 (k)G — [l (k) —ul (k)7

ININCINA
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Given that the cost function is a positive definite function:
lim |z (k) — oo | =0, lim|u(k) —ue|=0, lim |y, (k) —yoo| =0
k—o0 k—o0 k—o00

and (Teo, Uoo) = MyYso. By continuity, we can state that the system converges to a
fixed point.

Hence, using lemma 5.10, V{(Zoo, ¥:) = Vo (Yoo, y¢). Using same arguments as in (Fer-
ramosca et al., 2009a, Theorem 1), we can state that y. is the minimizer of Vo (ys, y:),
that is Yo, = yi and then zo, = 2} € X and u, = ul € U. Moreover, if y, € Y,, then

Ys = Y-

Finally, the fact that (%, u¥) is a stable equilibrium point for the closed-loop system

s7 s

is proved. That is, for any € > 0 there exists a 6 > 0 such that for all |z(0) — z%| <0,
then |z(k) — 2%| < e. Notice that the region B = {z : |z(k) — 2% < e} C Xy and this
is true because ¥ € int(Xy).

Hence, define the function W (z,y;) = V(z,v:) — Vo(y’,y:). Then, W (x*, y;) = 0.

This function is such that aw (| — z%|) < W(x,y:) < pw(|z — z%|), where ayy and Sy
are suitable X, functions. In fact:

o Wi(z,y) > ay(|x — 29]) + ap(]z? — z%|). This comes from the fact that the stage
cost function is a positive definite function and from the definition of Vip. Then

Wz, y:)

>
> aw(lz =)

e Notice that
V(@ ye) < Viv(a,ys vIO (k) < |2 = 23[5 + Vo(yl, o) < Bw (o — x3))
Hence W (z,y) < Bw(|z — z%]).
Then, oy (|lz(k) — 23]) < W(x(k),y:) < W(2(0),13) < Bw(lz — «7]) and, hence,

(k) — 22| < ot o Bw (12(0) — 23]). So, picking & = By} o aw(e), then [x(k) — 23] <
ayy o Bw(8) < e, proving the stability of z*. u
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5.6 Illustrative example

In this section, an example to test the performance of the proposed controller, is pre-
sented. The system adopted is the 4 tanks process presented in the Appendix A.

5.6.1 Distributed model

In order to test de cooperative distributed MPC for tracking presented in the paper, the
linearized model presented in the Appendix A has been partitioned in two subsystems
in such a way that the two subsystems are interconnected through the inputs. The two
subsystems model are the following:

w2 A T :

R Y

i [2 ] 0 a2

% = [6 _214 To+ (127{1) U+ 02 U9g.
T4 4

where x1 = (hy, h3), ©o = (ha, hy), u1 = q, and uy = gp.

The overall control objective is to control the level of tanks 1 and 2 while fulfilling
the constraints on the levels and on the inputs.

5.6.2 Simulations

In the test, five references have been considered: y,; = (0.3,0.3), y2 = (1.25,1.25),
yrs3 = (0.35,0.8), ;4 = (1,0.8) and y, 5 = (A, hY). Notice that y; 3 is not an equilibrium
output for the system. The initial state is 2o = (0.65,0.65,0.6658,0.6242). Notice also
that the constraints on the model are coupled due to the dynamic. The setups for the
two distributed controllers are the followings:
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® Agent 1: Ql = [2, Rl = 001[1, N:3, w1 = 0.5.

L] Agent 2: QQ = ]2, R2 = 001[1, N:?), Wy = 0.5.

The number of iterations of the suboptimal optimization algorithm has been chosen
as p = 1. The gain K is chosen as the one of the LQR and the matrix P is the solution
of the Riccati equation. The invariant set for tracking has been calculating for the gain
matrix K. The offset cost function Vo (ys, y:) has been chosen following chapter 2.
The projection of the maximal invariant set for tracking onto y, {2y, the projection of
the region of attraction onto Y, Y3 and the set of equilibrium levels Y, are plotted in
figure 5.1. The results of the simulation are plotted in Figures 5.2 and 5.3.

15

0.5

Figure 5.1: Steady output set, Y,, and projection of €2, x onto Y, . y.

In figure 5.2 the levels of tanks 1 and 2 are plotted. The evolutions of the systems
are plotted in solid lines, while the references and the artificial references are plotted
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respectively in dashed-dotted and dashed lines.

See how the controller always steers the system to the given reference, and how the
evolutions follow the artificial references while the real one are unfeasible. The artificial
references are the optimal steady states that the system can reach in that moment with
that prediction horizons. Looking at their evolution, we can see the moment in which
the desired reference becomes a feasible point for the optimization problem. This
moment in the figure is the moment in which the artificial reference (dashed-dotted
line) (practically) reach the real one (dashed line). Notice, also, that in the second
change of reference, when the target setpoint in unreachable (due to the constraints),
the controller steers the system to the optimal steady state of the centralized problem.
The evolutions using the cooperative distributed MPC presented in (Rawlings and
Mayne, 2009, Chapter 6, pp. 456-458), in case of a decentralized solution of the target
problem, are plotted in dotted lines. See how this controller steers the system to a
different steady state, given by the solution of a decentralized target problem.

0 200 400 600 800 1000 1200

0 200 400 600 800 1000 1200
samples

Figure 5.2: Time evolution of tanks 1 and 2 levels.

In Figure 5.3 the levels of tanks 3 and 4 and the control actions, which are the flows
from the pumps, are plotted in solid lines. The artificial references are also plotted in
dashed lines. state of the centralized problem. The evolutions using the cooperative
distributed MPC presented in (Rawlings and Mayne, 2009, Chapter 6, pp. 456-458),
in case of a decentralized solution of the target problem, are plotted in dotted lines.
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Figure 5.3: Time evolution of tanks 3 and 4 levels and of the flows.

The performance of the cooperative MPC for tracking with only one iteration has
been compared to the same controller with 10 iterations of the optimization algorithm.
In figures 5.4 and 5.5 a detail of this comparison is presented. This detail refers to
the fourth change o reference. The cooperative MPC for tracking with one iteration
is plotted in solid black line, while the one with 10 iterations is plotted in solid blue
line. See how, increasing the number of iterations, the controller seem to be faster and
the overshoots to be reduced. The changes in the control actions, also, result to be
smoother.

The performance of the two controller have been also compared calculating the
following closed-loop control performance measure:

T
© = Y llz(k) = willy + ulk) = wllf — (2% = wellg + llul — will?)
k=0

where T is the simulation time. The results in table 5.1 show that the closed-loop
performance using 10 iterations are better than using only one iteration, at expanse of
a heavier computational burden.
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Figure 5.4: Time evolution of tanks 1 and 2 levels.
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Figure 5.5: Time evolution of tanks 3 and 4 levels and of the flows.

5.7 Conclusion

In this chapter, a cooperative distributed linear model predictive control strategy has
been proposed, applicable to any finite number of subsystems, for solving the problem
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Table 5.1: Comparison of controller performance

o Average calculation time (s)
Coop. MPC for tracking (1 iteration)  173.7353 0.1150
Coop. MPC for tracking (10 iterations) 173.4893 0.6341

of tracking non-zero setpoints. The proposed controller is able to steer the system to
any admissible setpoint in an admissible way. Feasibility under any changing of the
target steady state and convergence to the centralized optimum are ensured. Under
some assumptions, it is proved that the proposed controller steers the system to the
target if this is admissible. If not, the controller converges to an admissible steady
state optimum according to the offset cost function.



CHAPTER 6

MPC for tracking constrained
nonlinear systems

6.1 Introduction

This chapter is dedicated to the case of nonlinear systems and to the design of an MPC
control strategy for tracking a (possibly time varying) setpoint.

Tracking control of constrained nonlinear systems is an interesting problem due to
the nonlinear nature of many processes in industry mainly when large transitions are
required, as in the case of changing operating point.

In (Findeisen et al., 2000) a nonlinear predictive control for setpoint families is
presented, which considers a pseudolinearization of the system and a parametrization
of the setpoints. The stability is ensured thanks to a quasi-infinite nonlinear MPC
strategy, but the solution of the tracking problem is not considered.

In (Magni et al., 2001b) an output feedback receding horizon control algorithm
for nonlinear discrete-time systems is presented, which solves the problem of tracking
exogenous signals and asymptotically rejecting disturbances generated by a properly
defined exosystem. In (Magni and Scattolini, 2005) an MPC algorithm for nonlin-
ear systems is proposed, which guarantees local stability and asymptotic tracking of
constant references. This algorithm need the presence of an integrator preliminarily
plugged in front of the system to guarantee the solution of the asymptotic tracking
problem. In (Magni and Scattolini, 2007) an MPC algorithm for continuous-time, pos-
sibly non-square nonlinear systems is presented. The algorithm guarantees the tracking
of asymptotically constant reference signals by means of a control scheme were the inte-
gral action is directly imposed on the error variables rather than on the control moves.
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Another approach to the tracking of nonlinear systems problem are the so-called
reference governors (Angeli and Mosca, 1999; Bemporad et al., 1997; Gilbert and Kol-
manovsky, 2002). A reference governor is a nonlinear device which manipulates on-line
a command input to a suitable pre-compensated system so as to satisfy constraints.
This can be seen as adding an artificial reference, computed at each sampling time to
ensure the admissible evolution of the system, converging to the desired reference.

In (Chisci and Zappa, 2003) the tracking problem for constrained linear systems is
solved by means of an approach called dual mode: the dual mode controller operates
as a regulator in a neighborhood of the desired equilibrium wherein constraints are
feasible, while it switches to a feasibility recovery mode, whenever this is lost due to a
setpoint change, which steers the system to the feasibility region of the MPC as quickly
as possible. In (Chisci et al., 2005) this approach is extended to nonlinear systems,
considering constraint-admissible invariant sets as terminal regions, obtained by means
of a LPV model representation of the nonlinear plant.

In (Limon et al., 2008a; Ferramosca et al., 2009a) an MPC for tracking of con-
strained linear systems is proposed, which is able to lead the system to any admissible
setpoint in an admissible way. The main characteristics of this controller are: an ar-
tificial steady state is considered as a decision variable, a cost that penalizes the error
with the artificial steady state is minimized, an additional term that penalizes the
deviation between the artificial steady state and the target steady state is added to
the cost function (the so-called offset cost function) and an invariant set for tracking
is considered as extended terminal constraint. This controller ensures that under any
change of the target steady state, the closed-loop system maintains the feasibility of
the controller and ensures the convergence to the target if admissible.

In this chapter, this controller is extended to the case of nonlinear constrained
systems. Three formulations of the controller are presented, which consider respectively
the cases of terminal equality constraint, terminal inequality constraint and no terminal
constraint.
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6.2 Problem statement

Consider a system described by a nonlinear invariant discrete time model

= f(x,u) (6.1)

where z € R" is the system state, u € R™ is the current control vector, y € RP is the
controlled output and z™ is the successor state. The function model f(z,u) is assumed
to be continuous at any equilibrium point. The solution of this system for a given
sequence of control inputs u and initial state = is denoted as x(j) = ¢(j;z,u) where
x = ¢(0;z,u). The state of the system and the control input applied at sampling time
k are denoted as x(k) and u(k) respectively. The system is subject to hard constraints
on state and control:

z(k)e X, wu(k)eU (6.2)
for all £ > 0, where X C R"™ and U C R™ are closed sets.

The steady state, input and output of the plant (zg,us,ys) are such that (6.1) is
fulfilled, i.e.

xs= f(s, us) (6.3)
ys:h(xsaus) 6.4

Let define the set of admissible equilibrium states as

Zs={(r,u) e X xU: x= f(zx,u)}
Xs={reX: JueUs. t. (r,u) €2}
Ys={y = h(z,u) : (x,u) € \Zs}

where X € (0,1).
Assumption 6.1 Assuming that the system is observable, the output of the system
univocally defines each triplet (s, us,ys), i.e.

Ts = g2(Ys), ts = gu(ys) (6.8)
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Remark 6.2 If system 6.1 is not observable, it is convenient to find a parameter
0 € R™ such such that the triplet (xs, us,ys) is univocally defined.

The problem we consider is the design of an MPC controller x(z,y;) to track a
(possible time-varying) target steady output y;, such that the system is steered as
close as possible to the target while fulfilling the constraints.

6.3 MPC for tracking

In this section, the proposed MPC for tracking is presented. The aim of this novel
formulation is to guarantee recursive feasibility for any (possibly changing) output
target to be tracked and, if possible, the convergence of the output of the plant to the
target.

The cost function of the proposed MPC is given by:

N-1

Viv(@, g ye) = Y (2(5) =), (u(f) —us)) +Volys —ye)

j=0

where z(7) = ¢(j;x,u), x5 = g.(ys), us = gu(ys) and y; is the target of the controlled
variables.

The controller is derived from the solution of the optimization problem Py (z,y;)
given by:

min Vy(z, ys; u, ys)
u,ys

s.t.
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The optimal cost and the optimal decision variables will be denoted as Vy(x,y;) and
(u® %) respectively. Considering the receding horizon policy, the control law is given

by

"{N(x7 yt) - UO(O) x, yt)
Since the set of constraints of Py(z,y;) does not depend on y, its feasibility region
does not depend on the target operating point y;. Then there exists a region Xy C X

such that for all z € Xy and for all y, € RP, Py(x,y,) is feasible. This is the set of
states that can reach any admissible equilibrium point in N steps.

Consider the following assumption on the controller parameters:

Assumption 6.3

1. The model function f(z,u) is continuous in Zs.

2. There exists a K function oy such that the stage cost function fulfills (z,v) >
a(]z])

3. Let the offset cost function Vo : RP — R be a convexr positive definite function

such that the minimaizer

yr = arg min Vo (ys — y;)

Ys€Ys

is unique. Moreover, there exists a KX function oo such that Vo(ys — yi) >
ao(lys — yil)-

4. The system is weakly controllable at any equilibrium point (zs,us) € Zs (Rawlings
and Mayne, 2009). That is, for any (u,ys) feasible solution of Py(x,y;), there
exists a Ko, function v such that,

N-1

D luld) = ugf <Az — )

i=0
holds for all x € Xy.

5. The set of admissible output Y, is a conver set.

Remark 6.4 If Y, = {y = h(z,u) : (x,u) € \Z,} is not conver, then set Y, must be
chosen as a convex set contained in {y = h(x,u) : (z,u) € A\Zs}.
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The following theorem proves asymptotic stability and constraints satisfaction of
the controlled system.

Theorem 6.5 (Stability) Consider that assumptions 6.1 and 6.3 hold and consider
a given target operation point y.. Then for any feasible initial state xy € Xy, the
system controlled by the proposed MPC controller ky(z,y;) is stable, converges to an
equilibrium point, fulfils the constraints along the time and besides

(i) 1f yo € Yo then lim [y(k) — ] = 0.
(i) If y: & Ys, then klim ly(k) — yi| = 0, where
— 00

ys = arg min Vo (ys — yr)
yseys

Proof: Consider that x € Xy at time k, then the optimal cost function is given by
Vi(z,y:) = Va(z,yi;u’(2),9%(2)), where (u’(z),y%(z)) defines the optimal solution
of Py(z,y;) and u’(z) = {u°(0;2),u’(1;2),...,u’(N — 1;2)}. Notice that u°(0;x) =
kn(z,y:). The resultant optimal state sequence associated to u®(z) is given by x°(z) =
{2°(0; x), 2°(1; x), ..., 2%(N — 1;2),2°(N; )}, where 2°(0;2) = z, 2°(1;2) = z* and
2¥(N;2) = 2(x) = g (12 (2)).

As standard in MPC (Mayne et al., 2000; Rawlings and Mayne, 2009, Chapter
2), define the successor state at time k + 1, 2t = f(z,kn(x,y:)) and define also the
following sequences:

u [u0<1;x)>"' 7u0(N_1;$)7u2($)]
ye(2)

> e

Ys

where uY(z) = g,(y°(x)). Tt is easy to derive that (u,7,) is a feasible solution for the
optimization problem Py (z™). Therefore, Xy is an admissible positive invariant set
for the closed-loop system and hence the control law is well-defined and the constraints
are fulfilled throughout the system evolution.

The state sequence due to (u,7,) is x = {2°%(1;2),2°(2;z),...,2°(N;x), 2°(N +
1;2)}, where 2°(N;x) = 2%(x) and 2°(N + 1;2) = f(2°(NV; 2),ul(x)) = 2%(x). Hence,

S

x = {2°(1;2),2°(2; ), ..., 2%(x), 2%(x)}

rrs
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which is clearly feasible. Compare now the optimal cost VY (z,y;), with the cost given
by (@, 9s), Vv (T, 3 1, §,). Taking into account the properties of the feasible nominal
trajectories for ™, Assumption 6.3 and using standard procedures in MPC (Mayne et
al., 2000; Rawlings and Mayne, 2009, Chapter 2) it is possible to obtain:

Viv (@, 56 0, 9s) — Viy (@, me) = — (2 —2(2), (u” (03 ) —u(2))) = Vo (ul — 1)
+H((2(N; z)—a(2), (ug(2) —ug(2))) +Vo (yl —u)
=—{((z—2{(2)), (u"(0; ) —u}(x)))

By optimality, we have that V(z*,y,) < Va(a™t, 3 1, §5) and then:

VN m) = Vil g) < —l(z—2i(x)), (u’(0;2) —ug()))
= —l((z—2(2)), (kn (@, y) —ug(7)))

Taking into account that the cost function is a positive definite function, we have that:

lim |z (k) — 23(2(k))[=0,  lim|u(k) — ug(z(k))|=0

k—o0 k—o0

Now, it is proved that the system converges to an equilibrium point. Pick an
e > 0, then there exists a k() such that for all k& > k(¢), |z(k) — 2%(z(k))| < € and
lu(k) — u®(z(k))| < e. Moreover, f(x,u) is continuous in Z,, and hence there exists
a(e) such that | f(x(k), u(k)) — f(22(x(k)),u2(z(k)))| < a(e). Then, removing the time

S » s

dependence for the sake of simplicity, it is inferred that

ot —a] = |2" —al(2) + 20(z) — 2|
< ot —ad(@)] + J2(x) — 2
= [f(z,u) = f(a)(@),us(@))] + |25(z) — 2|
< ale)+e

Therefore, for a given £ > 0, there exists a k(¢) such that |27 — 2| < a(e) + . Hence,
the system converges to a steady state T, and this is such that 2o, = 2%(z) € Xs.

Using lemma 6.18 (see the Appendix section of this chapter), it is proved that
(Too, Uso) 18 the optimal steady state of the system, that is (Zoo, Uso) = (2%, u), where

vy = g.(y;) and v} = gu(yi).

Finally, the fact that (z%,u}) is a stable equilibrium point for the closed-loop system
is proved. That is, for any € > 0 there exists a 6 > 0 such that for all |z(0) — z%| <9,
then |z(k) — %] <e.
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To this aim, define the function W (z, y;) = Vo (z, y:)—Vo (y:—y:). Then, W(x*,y,) =
0. This function is such that oy (|z — 2%|) < W(z,y) < Bw(|z — x¥|), where oy and
Bw are suitable X, functions. In fact:

o Wi(x,y,) > ay(Jx — 2°|) + ap(]z? — 2%|). This comes from the fact that the
stage cost function is a positive definite function and from the definition of Vjp
(assumption 6.3). Hence

W(%Qt) Z
>

e Notice that V(z,y) < Va(x,y%) + Vo(y: — y). Due to the weak controllability
of ¥ (assumption 6.3), there exists a K, function Sy such that Vy(z,yl) <

Pw (|Jz — x%]). Hence W (z,y;) < Bw(|z — z%]).

Then, aw (lz(k) — %]) < W(z(k),y) < W(z(0), %) < Sw(|z — 27]) and, hence,
[2(k) — %] < ! o Bw(2(0) — 22]). So, picking & = By o aw (&), then (k) — 23| <
a;vl o Bw(0) < e, proving the stability of x¥.

Then, for all initial state xq € Xy, the closed-loop system converges to an asymp-

totic stable equilibrium point (2%, u¥) and its domain of attraction is Xy. [ |

6.4 Properties of the proposed controller

Besides the asymptotic stability property, this controller also provides the following
properties.

6.4.1 Changing operation points

Considering that problem Py(x,y,) is feasible for any 7, then the proposed controller
is able to track changing operation points maintaining the recursive feasibility and
admissibility.
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6.4.2 Stability for any admissible steady state

Since property 6.4.1 holds for any value of the horizons N, it can be derived that the
proposed controller is able to track any admissible setpoint y, € Y,, even for N = 1, if
the system starts from a feasible initial state.

Typically, the starting point of the controller is an equilibrium point. If this point is
reachable, i.e. o0 = g.(yo), Yo € Ys, then the system can be steered to any reachable
equilibrium point, for any V.

6.4.3 Enlargement of the domain of attraction

The domain of attraction of the MPC is the set of states that can be admissible steered
to x%. The fact that for the proposed controller this set is considered with respect to
any equilibrium point, makes this set (potentially) larger than the one calculated for
regulation to a fixed equilibrium point. Consequently, the domain of attraction of the
proposed controller is (potentially) larger than the domain of the standard MPC. This
property is particularly interesting for small values of the control horizon.

6.4.4 Steady state optimization

It is not unusual that the output target y; is not contained in Y. This may happen
when there not exists an admissible operating point which steady output equals to the
target or when the target is not a possible steady output of the system. To deal with
this situation in predictive controllers, the standard solution is to add an upper level
steady state optimizer to decide the best reachable target of the controller (Rao and
Rawlings, 1999).

From the latter theorem it can be clearly seen that in this case, the proposed controller
steers the system to the optimal operating point according to the offset cost function
Vo(:). Then it can be considered that the proposed controller has a steady state
optimizer built in and Vp(-) defines the function to optimize.
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6.5 Local optimality

The proposed controller can be considered as a suboptimal controller due to the formu-
lation of the stage cost. However, under mild assumption on the offset cost function,
it is possible to prove that the MPC for tracking ensures the property of the local
optimality. This property states that, in a neighborood of the terminal region, the
constrained finite horizon MPC equals the infinite horizon one (Magni et al., 2001a;
Hu and Linnemann, 2002). The standard MPC control law for regulation to a target
Y, kv (x,y:), derived from the following optimization problem PX(x,y;):

Vil(z,m) = {{l;nz (((2(7) =), (u(f) —us)) (6.9)
s.t. (6.10)

z(0) = =z, (6.11)

v(f+1) = f(z(G),u(j)) j=0,---,N—1 (6.12)

z(j) € X,u(j)eU j=0,--- ,N—1 (6.13)

Ts = go(Ys) (6.14)

Us = Gu(Ys) (6.15)

Ys € Ys (6.16)

z(N) =z, (6.17)

|Ys — Yelg =0 (6.18)

ensures the local optimality. The domain of attraction of this problem is noted as
X'y (y:) As in the linear case (see chapter 2), in the MPC for tracking, this property
can be ensured by means of a suitable choice of the offset cost function.

Assumption 6.6 Let the offset cost function fulfill assumption 6.3. Moreover there
erists a positive constant o such that:

Vo(ys — yt) > alys — vl

Then, we can state the following property:

Property 6.7 Consider that assumptions 6.1, 6.3 and 6.6 hold. Then there exists an
o™ such that for all o > o* and for all v € X\ (y;), the MPC for tracking equals the
MPC for requlation, that is kn(z,y) = Ky (x, yr)
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Proof: Define problem P} ,(z,yt) as:

Vie(z,y) = min Y 0((j)—z,), (u(i)—us) + olys — vl

s.t.

where |.|, is the dual of norm [.|,'. Then, problem Py ,(z,yt) results from problem
P} (x,yt) with the last constraint posed as an exact penalty function (Luenberger,
1984). Therefore, there exists a finite constant a* > 0 such that for all « > o,
V]G’f;(:c, y) = Vi (x, ) for all 2 € Xy (y,) (Luenberger, 1984; Boyd and Vandenberghe,
2006).

Consider now, problem Py(x,y:). Taking Vo(ys — yr) = a|ys — yt|p, with a > a*, we
can state that V3(z,y,) = Vi’ (z, ) for all 2 € Xy (y,). ]

6.6 MPC for tracking with terminal inequality con-
straint

This formulation of the proposed controller, as standard in MPC, relies on the calcu-
lation of a suit terminal control law u = k(z,ys) and on the use of an invariant set
as terminal constraint. The knowledge of this control law allows to use a prediction
horizon N, larger than the control horizon N, in such a way that the control action
are extended using the terminal control law (Magni et al., 2001a). The proposed cost

. . A . .
'The dual |.|, of a given norm |.|, is defined as |u|, = lrr‘lax u'v. For instance, p = 1 if ¢ = co and
v[g<1

vice versa, or p = 2 if ¢ = 2 (Luenberger, 1984).
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function of the MPC is given by:

Ve, (T, 9150, ys) = Z (((x(7) =), (w(g) —us)) + Z (2 (5) =), (R(2(7), ys) —us))

+Vf(m(Np) —Ts, ys)+VO(ys_yt>

where .’I(]) = d)(j;wa ll), Ts = gw(ys); Us = gu(ys) and Ys = gy(ys); Yt is the target of
the controlled variables.

The controller is derived from the solution of the optimization problem Py, v, (2, y¢)
given by:

m;n VN, (T, Y0, ys)

s.t.

z(0) =z,

(] + ) f(@(4), u(y)), j=0,---,N.—1
z(j) € X, u(j) € U, j=0,---,Ne—1
(] + ) f(x(7), 5(z(5), ys)), j=Ney-oo Ny =1
x(J)GX Kk(z(5),ys) € U j=Ne -+, Npy—1

= 92(Ys), Us = Gu(Ys)
(( ) Ys) €T

The optimal cost and the optimal decision variables will be denoted as VJQ,Q N, (x,yt)
and (u’,y?) respectively. Considering the receding horizon policy, the control law is
given by

K:Nc,Np (.’L’, yt) = U0<O7 z, yt)

Since the set of constraints of Py, n,(x,y:) does not depend on y,, its feasibility region
does not depend on the target operating point y;. Then there exists a region Xy, n, € X
such that for all x € Xy, n, and for all y, € R?, Py, n, (7,3, is feasible.

In order to derive the stability conditions, it is convenient to extend the notion of
invariant set for tracking introduced in (Limon et al., 2008a) to the nonlinear case.

Definition 6.8 (Invariant set for tracking) A set I' C R" x R? is an (admissible)

invariant set for tracking for system 6.1 controlled by k(x,ys) if for all (z,ys) € T we
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This set can be read as the set of initial states and setpoints that provides an admissible
evolution of the system 6.1 controlled by u = k(x, ys).

The following conditions on the terms of the proposed controller are assumed:

Assumption 6.9

1. Let the function g,(ys) be Lipshitz continuous in Ys,.

2. Let k(x,ys) be a control law such that for all ys € Y, the equilibrium point
s = gz (ys) and us = g, (ys) is an asymptotically stable equilibrium point for the
system «* = f(z, k(z,ys)).

3. Let T be an invariant set for tracking for the system xt = f(x, k(z,ys)).

4. Let Vi(x — x5,ys) be a Lyapunov function for system xt = f(z,k(z,ys)) such
that for all (z,ys) € T

O‘f(|m —x|) < V(r —24,y,) < 5f(|$ — z4|)

and

Vf(f(I, ]{?(Z‘, yS)) — Ty, ys)_vf(x_ xmys) < —l(ZL’— s, k(I,ys) - US)

where x5 = g,(ys) and us = ¢,(ys), and where oy and By are K functions.
Moreover, there exist b > 0 and o > 1 which verify Vi(z1 — z2,ys) < b||x1 — x2]|7
for all (z1,ys) and (x2,ys) contained in T

Notice that the assumptions on the terminal ingredients are similar to the standard
ones but extended to a set of equilibrium points.

The following theorem proves asymptotic stability and constraints satisfaction of
the controlled system.

Theorem 6.10 (Stability) Consider that assumptions 6.3 and 6.9 hold and consider
a given target operation point y,. Then for any feasible initial state vg € Xy, n,, the
system controlled by the proposed MPC controller kn, n,(x,y:) is stable, converges to
an equilibrium point, fulfils the constraints along the time and besides

(i) If yo € Ys then lim [|y(k) =yl = 0.
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(i1) If yy & Ys, then klim lly(k) — yi|| = 0, where
—00

yr = arg min Vo (ys — yy)

Ys€Ys

Proof: Consider that © € Xy, v, at time k, then the optimal cost function is given
by VRony (T 9) = Ve np (2, v u(2), 42 (2)), where (u(z),y2(z)) defines the optimal
solution of Py, np(z,y;) and u’(x) = {u°(0; 2),u"(1;2), ...,u’ (N, — 1;2) }. Notice that
u’(0;2) = KN, (@, ). The resultant optimal state sequence associated to u®(z) is
given by x%(z) = {2°(0;2),2°(1;2),...,2°(N, — 1;2),2°(Ne; 2), ..., 2°(N,; )}, where
2°(0;2) = z, 2%(1;2) = 2, and 2°(Ne; ) = f(2°(N. — 1;2), k(z,4?)) and 2°(N,; z) is
such that (z°(N,;z),y%(z)) € T

As standard in MPC (Mayne et al., 2000; Rawlings and Mayne, 2009, Chapter 2),
define the successor state at time k + 1, 2 = f(z,kn,n,(z,¥:)) and define also the
following sequences:

i [u0<1;x)’... 7u0<Nc—1;x),/€(l’,y2)]

Js = yo(z)

> e

It is easy to derive that (4, ys) is a feasible solution for the optimization problem
Pyo.np(2T). Therefore, Xy, n, is an admissible positive invariant set for the closed-
loop system and hence the control law is well-defined and the constraints are fulfilled
throughout the system evolution.

The state sequence due to (u,7s) is
< _ (001 0(9. 0/ - 0N - 0 :
x = {z"(L;z),2"(2;2),....,2 (Ne; x), ..., x” (Np; x), 2" (N, + 1;2) }

where 2°(N,+1;2) = f(2°(Ny; x), £(z,y?)), which is clearly feasible. Compare now the
optimal cost VJ(x,;), with the cost given by (u, 7s), ‘N/NC,NP (xt,y; 0, Js). Taking into
account the properties of the feasible nominal trajectories for 2, Assumption 6.9 and
using standard procedures in MPC (Mayne et al., 2000; Rawlings and Mayne, 2009,
Chapter 2) it is possible to obtain:

Ve e (@, 968, 85) = Vit v, (2, 3) = —L((2—23(2)), («*(05 2) —ul(2)))
—Vi(a"(Nys @) — 23(2)) = Vo(ys —u)
+H((2(Npy ) —2(2)), (K2, ) —us(@)))
+Vr(f (@ (Np @), (2, 3)) — 23(2)) +Vo(ya —ue)
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Since by optimality, Vy_ y, (27, 3) < Veny (T, 91, 7,) and given the definition of
Vi(z — x) from assumption 6.9, then:

Ve e (@5 0) = Vi wp (@,m) - < —U((z—a3(2)), (u’(0; 2) —ug(2)))
—((z—23()), (k. x, (2, ye) —ug(2)))

Taking into account that the cost function is a positive definite function, we have that:
Nz (k) — 2f(x(k))[ =0, lim[u(k) — u(z(k))[=0
Ko

Hence the system converges to an operating point (2%, u?), such that 2% = g,(3°) and
us = gu(ys)

Now, it is proved that the system converges to an equilibrium point. Pick an
e > 0, then there exists a k(¢) such that for all k& > k(e), |x(k) — 2%(z(k))| < € and
lu(k) — u®(x(k))| < e. Moreover, f(x,u) is continuous in Z,, and hence there exists
a(e) such that | f(z(k),u(k)) — f(2(z(k)),u2(z(k)))| < ale). Then, removing the time

S S
dependence for the sake of simplicity, it is inferred that

o —a| = |27 —al(2) +al(z) — 2|

|7 — ()| + |25 (2) — x|

= |f(z,u) — f(a3(2),u5(2))] + |2(z) — 2]
< ale)+e

IN

Therefore, for a given € > 0, there exists a k(e) such that |z — z| < a(e) + . Hence,
the system converges to a steady state x., and this is such that x,, = xg(:voo) e Xs.

Using lemma 6.19 (see the Appendix section of this chapter), it is proved that
(Toos Uoo) 1s the optimal steady state of the system, that is (T, Uua) = (2%, u}), where
Ty = gm(y:) and ug = gu(y:>'

Finally, the fact that (2%, u¥) is a stable equilibrium point for the closed-loop system
is proved. That is, for any £ > 0 there exists a 6 > 0 such that for all |z(0) — 2% <4,
then |z(k) — %] <e.

To this aim, define the function W(z,3) = Vy, n, (7, y:) — O(y: — ). Then,
W (z%,y) = 0. This function is such that aw (|z — 2%|) < W(z,y) < Pw(|z — x%]),
where ay and [y, are suitable K, functions. In fact:

o W(z,y) > ai(|]z — 2%) + ao(|z¥ — x%|). This comes from the fact that the
stage cost function is a positive definite function and from the definition of Vj
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(assumption 6.3). Hence

W(xayt) Z
>

e Notice that Vy_ n.(2,4:) < Viene(2,9%) + Vo(yi — y¢). Due to the weak con-
trollability of z} (assumption 6.3), there exists a K., function Sy such that

Ve ne (#,95) < Bw(|z — =) Hence W (z, y:) < Bw (| — 2(]).

Then, aw (Jz(k) — z3]) < W(x(k),y) < W(x(0),5) < Bw(|z — 27|) and, hence,
lz(k) — 2% < ay o Bw(|z(0) — z%]). So, picking § = 8y o awy(e), then |z(k) — x| <
oy © Bw(8) < e, proving the stability of a7

Recapping, it has been proved that for all initial state g € X, n,, the closed-loop
system converges to an equilibrium point (x%, u*). Moreover, it has been demonstrated
that this equilibrium point is stable for the closed-loop system. Therefore, (¥, u¥) is

an asymptotic stable equilibrium point for the closed-loop system and its domain of
attraction is Xy, w, . n

Remark 6.11 Since Xy, n, € Xy, N 41, taking N, > N, the domain of attraction of
the controller can be enlarged (Magni et al., 2001a). However, the result of theorem
6.10 and the stability proof are still valid if a formulation with N = N. = Np is chosen.

6.7 Calculation of the terminal ingredients

The conditions for the stabilizing design of the controller require the calculation of a
control law capable to locally asymptotically stabilize the system to any steady states
contained in a set. This problem is also present in the design of other controllers for
tracking, such as the command governors, (Angeli and Mosca, 1999; Bemporad, 1998b;
Chisci et al., 2005; Chisci and Zappa, 2003).

A remarkable property of the proposed MPC is that the controller must only stabi-
lize the system locally, and hence a number of existing techniques could be used. The
local nature of the obtained controller can be enhanced by using a prediction horizon
larger than the control horizon. Next, some practical techniques to cope with this
problem are briefly presented.
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6.7.1 LTV modeling of the plant in partitions

This method exploits the LTV modeling technique and the partition method proposed
in (Wan and Kothare, 2003a,b).

The idea is to design a set of local predictive controllers, whose feasible regions
cover the entire steady state manifold. Then, an algorithm is used such that, given
a reference y; and the relative steady state conditions (xs(ys), us(ys)), we are able to
determine the terminal ingredients for the optimization problem Py, v, (%, ;).

To this aim, consider system (6.1) subject to (6.2). Let (z5(ys), us(ys)) be a steady
condition such that, for any ys € Y, z5(ys) € X and us(ys) € U.

Choose the sets B, = ||z|| < e, € R” and B, = |Ju]| < &, € R™ (with £, and ¢,
typically small) and define

932{3/56 ys 2375(3/5) cX — Bx; us(y8> eU— Bu}

Let Y, be a partition of Y., such that U Ys, = Y,. Then a suitable LTV represen-
tation of the model function must be found for each region

Xi - U xs(ys)@Bm; Uz - U us(ys)@Bu

yseysi yselési

For the sake of clarity, consider system (6.1) subject to (6.2), its steady state manifold
and a set Y, centered in 3. Since by definition, the steady state manifold is a connected
set, we can always find another steady condition y:** € Y, for which we can determine
a set Ys,,, centered in y’™'. Hence we can constructing this sets, until their union

covers the steady state manifold (Wan and Kothare, 2003b).
Notice that, since Y,, C 95, hence X; C X and U; C U.

For all z € X;, v € U; and y, € Y;,, there exists a LTV representation of system
(6.1), that is

fQaou) = f(ws(ys), us(ys) + Z AjlA; (2 = 25(ys)) + Bj(u = us(ys))] - (6.19)

j=1

where [Aj Bj] S {[Al Bl]; ) [Am Bm]}
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By continuity, there exists a control gain K; € R™*" such that Ag,, = A; + B;K; is
stable for all 7 and, moreover, there exists a suitable Lyapunov matrix P; € R"*" for
the LTV, solution of

for all j.

Define the set Zx, = {2z : z € B,, K;z € B,} and let §; be an invariant set for the
LTV (6.19) contained in Zg,. Then, Yy, € Y, and g € z4(ys) &

wk+1) = fla(k),u(k))
u(k) = Ki(z(k) = z4(ys) + us(ys)

K;
such that z(k) € X; C X and u(k) e U; C U.
Finally define

Uy ={(z,ys) : x € 24(ys) & i, ys € Ys, } = U 2s(ys) B Qs X Y,

Ys Gysi

Then, V(zo,ys) € Ty, (x(k),ys) € Ty C X;, u(k) € U and it can be proved that I'; is an
admissible invariant set for tracking and that

sz’ (37 - ga:(y8>7y8> = (x - gw(yS)),Pi(x - gx(yS))

is a suitable terminal cost function, Vy, € Y,,.

Hence I' = [ J, I'; is an invariant set for tracking.

Example 6.12 Consider a continuous stirred tank reactor (CSTR), (Chisci et al.,
2005; Magni et al., 2001a). Assuming constant liquid volume, the CSTR for an exother-
mic, irreversible reaction, A — B, is described by the following model:

OA = g(C’Af —CA) — koe(%)C’A

Vv

. q AH & UA

T = 2(Ty —T) — ke 7Oy + ———(T. — T
V(f ) o, e A+vpcp< )

where Cy is the concentration of A in the reactor, T is the reactor temperature and
T, is the temperature of the coolant stream. The objective is to requlate y = x9 = T
and x1 = Cys by manipulating u = T,.. Consider also the following constraints on the
system: 0 < Cy <1 mol/l, 280K < T < 370K and 280K < T, < 370 K.
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Figure 6.1: Different terminal regions for the CSTR.

To the aim of calculating the terminal ingredients of the nonlinear MPC for tracking
with the method introduced above, the steady state manifold of the system has been
divided in 4 partitions, given by Y5, = [304.17;320], Y, = [320;340], Y, = [340; 355]
and Y, = [355;370] respectively. The projection of the obteined regions in the state
space are show in figure 6.1. Notice how the regions calculated for the four partitions,
cover the entire steady state manifold. The union of these regions provides the invariant
set for tracking to be used as terminal constraints.

6.7.1.1 Implementation

The construction of the terminal ingredients described so far is an off-line task, during
which we store in a look-up table the different ingredients s, . Fi(.), ;. On-line,
we choose a terminal condition given a reference y;.

1. For a given reference y; determine y,, and then determine i(ys) such that y, €
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‘Hsi(ys) '

2. Choose the terminal cost Vi(x(N,) — xs(ys), ys) as:
Vi(@(Np) = 25(ys), ys) = (@(Np) — 25(ys)) Piy) ((Np) — 25(ys))

3. Choose the terminal constraint as:

x(Np) —x4(ys) €

Remark 6.13 A drawback of this approach is that the size of €); could be very small.
However, taking N, > N, the domain of attraction of the controller can be enlarged
(Magni et al., 2001a).

6.7.2 Feedback linearization

There exist some classes of model functions that allow to find a suitable feedback
aimed to linearize (Khalil, 1996; Isidori, 1995) or pseudolinearize (Findeisen et al.,
2000; Rakovic et al., 2006)the plant. The feedback linearization approach consists in
finding a transformation of the nonlinear system using a suitable control action, given
by the feedback, and such a change of variables. This approach can be applied to
systems in the form

ot = f(x) + g(x)u
y=h(z)

where z € R" is the system state, u € R is the current control vector, y € RP is the
controlled output and 2™ is the successor state. The aim is to design a control input:

u=a(z) + Bla)w

which provides a linear transformation from the new input v to the output.

The aim of feedback linearization, is, hence, to rewrite the system in such a form that
the states of the new system are the output y and its n — 1 derivatives, obtained using
the Lie derivative. The number of time the original system has to be differentiated to
let the input u appear as a linear term, is called relative dergree of the system (Khalil,
1996; Isidori, 1995). Once the plant is represented by a linear model, the ingredients
can be calculated as proposed in (Limon et al., 2008a) and (Ferramosca et al., 2009a)
for linear systems.
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6.8 MPC for tracking without terminal constraint

The stabilizing design of MPC based on terminal ingredients requires the calculation
of the terminal control law, the terminal cost function and the terminal region. While
the calculation of the first two ingredients can be done by efficient techniques, the
calculation of the terminal region may be cumbersome. Fortunately, in (Limon et al.,
2006b) it has been proved that the terminal constraint can be removed by a suitable
weighting of the terminal cost function. In fact, a larger weighting factor implies a
larger domain of attraction of the predictive controller without the terminal constraint.
In this section it is demonstrated that this result can be also applied to the MPC for
tracking.

Consider that Vi(z — z5,ys) is a terminal cost function and k(z,ys) a terminal
control law that satisfy assumption 6.9. Define the region I',, as follows

Lo = {(z,9s) : Vi(7 — g2(ys),ys) < a} (6.20)

and assume that I',, is an invariant set for tracking.

Let define Py, N, (x,y;) the optimization problem resulting from removing the termi-
nal constraint (z(N,),ys) € I' and taking the weighted cost vV (z — x5, ys) as terminal
cost function in the optimization problem Py, n,(Z, ).

The following results are the extension of (Limon et al., 2006b). In the sequel it is
assumed that the hypothesis of theorem 6.10 hold.

Lemma 6.14 Let 27°(j;z,y;) be the optimal trajectory of the optimization problem

Py n,(@,ye) for any v > 1.
If x%O(Np;%yt) ¢ 1T, then $7’0(j;fl7,’yt) ¢ T, foral j=0,--- N,

The proof of this lemma is given in (Limon et al., 2006b, Lemma 1).
Lemma 6.15 Letd = ozg(ﬁjil(oz)), then ((x—g,(ys), u—gu(ys)) > d for all (x,ys) ¢ T.

Let V]};?Np(:v,yt) be the optimal cost of Py ~, (%, 9:) and let define the following level
set

T (u) = {2 Vo (@) < 02— go(ys) k(. 4s) — gu(ys)) + (N, = D)d+a} (6.21)
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Then we can state the following theorem

Theorem 6.16 Let “7V6,Np (x,y;) be the predictive control law derived from P]?,C7Np (x,y;)

for any v > 1. Then for all z(0) € TNp,,(yt), the system controlled by Ky, n (2, yt)
i1s stable, converges to an equilibrium point, fulfils the constraints along the time and
besides

(i) If y: € Ys then kh—glo ly(k) —y¢]| = 0.
(ii) If y» € s, then klim lly(k) — yi|| = 0, where
— 00

yr = arg min Vo (ys — y¢)

Ys€Ys

Proof: First it is proved that for any = € TNPN(yt) the optimal solution of the MPC
problem satisfies the terminal constraint. From Lemma 6.14 it is inferred that if the
terminal region is not reached, then all the trajectory of the systems is out of I', and

hence
0

Vi, (@,90) > 0@ — g2(ys), (2, ys) — gu(ys)) + (N = 1)d +
which implies that x & TNP,V(yt), which is a contradiction. Therefore for any =z €
Tn,~(y:), we have that the optimal solution of the MPC satisfies the terminal con-
straint.

Now, it is proved that YNM(yt) is an invariant set for the closed-loop system.
Consider that z € Ty, - (y;), then 27°(Ny; z,y,) € T'y. This fact plus the assumptions
of theorem 6.10 make the monotonicity property of the optimal cost holds. Hence:

Vi (@0 (1 2, 90), ) 0

< Vo (@) = VRl (@, me) — U — ga(ys), k(2. ys) — gu(ys))
< (N,—Dd+a

Asymptotic stability of the closed-loop system is proved following the same arguments

as in the proof of of theorem 6.10. [ ]

Using similar arguments as in (Limon et al., 2006b), it is easy to show that the set
T, () = {20 Vily, (2.90) < Npd + o}

is also a domain of attraction of the proposed controller. Notice that, using this result,
an explicit expression of the optimal cost is not required.
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It is clear that taking a larger prediction horizon N, implies an enlargement of the
region of attraction YTy, . (y;). Furthermore, as in (Limon et al., 2006b), a larger value
of v implies also an enlargement of T, -(1:). The following property can be derived:

Property 6.17 Assume that X and U are compact sets. Let D be a constant such that
Ux—z5,u—us) <D forallx € X, uw € U and (xs,us) € Zs. Let Vo be a constant such
that Vo(ys — y¢) < Vo for all ys € Yy and for all possible y,. Let be ~o = w.
Then

(i) YT, 0 (ye) contains the domain of attraction of the controller with equality con-
straint, i.e. Xn,

(ii) For any v > 7o, the set T, (y:) contains the domain of attraction of the con-

troller with the terminal constraint ', where p =1 — 77—0

6.9 Illustrative example

In this section, the three formulation of the nonlinear MPC for tracking presented in
this chapter, are tested on the 4 tanks process, described in the Appendix A.

The nonlinear continuous time model of the quadruple tank process system (Johansson,
2000) can be derived from first principles as follows

dh,y a as Ya

S+ o+ 2, (622)
% = —Z—z Qghg—I—Z—zm—i—Z—ZQb (6.23)
% = —Z—i 29h3+%%
% _ _Z_i Qgh4+(1;4%>qu

See chapter 2 for details. The nonlinear discrete time model of system (6.9) is obtained
by discretizing equation (6.9) using a 5-th order Runge-Kutta method and taking as
sampling time T's = 5s.

First, the controller with terminal equality constraint is presented. In the next
section, the nonlinear MPC for tracking using terminal inequality constraint is tested.
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Finally, another test to show the properties of the MPC without terminal constraint is
presented.

All the simulations have been run in M ATLAB® 7.10, using the fmincon function
for the optimizations.

6.9.1 Equality terminal constraint

The objective of this test is to show how the nonlinear MPC for tracking works, in case
of equality terminal constraint. In the test, five references have been considered:y; ; =
(0.3,0.3), yro = (1.25,1.25), y,5 = (0.35,0.8), yza = (1,0.8) and y;5 = (hY,hI).
Notice that ;3 is not an equilibrium output for the system. The initial state is
zo = (0.65,0.65,0.6658,0.6242). Two tests have been run, considering an MPC with
N =3 and N = 15 respectively. The weighting matrices have been chosen as @, = I,
Q =0CQ,C+0.011; and R = 0.0115. Notice that

O:

1000
0100

The offset cost function has been chosen as Vo = «||ys — yt|| 0, whith oo = 100.
In Figure 6.2 and 6.3 the time evolution of Ay, ho, hs, hy, q, and ¢, is depicted.

The evolutions of the references, the outputs and the artificial references are drawn
respectively in dashed-dotted, solid and dashed line. See that the controller always
steers the system to the desired setpoint, whenever it is admissible. When the target
is not an admissible output (y:3), the controller steers the system to the point that
minimize the offset cost function.

In Figure 6.4 and 6.5 the time evolution of hy, ho, hs, h4, q, and g is depicted.

The evolutions of the references is drawn in dashed-dotted line while the outputs
and the artificial references are drawn respectively in solid and dashed line. As in the
previous test, the controller always steers the system to the desired setpoint, when this
point is admissible. In case of not admissible target (v;3), the controller steers the
system to the point that minimizes the offset cost function. Notice that, due to the
larger horizon, the controller is faster than the previous one.
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Figure 6.2: Evolution of h; and hy with N = 3.
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Figure 6.3: Evolution of hs, hy g, and ¢, with N = 3.

6.9.2 Inequality terminal constraint

In this section, a test that show the properties of the nonlinear MPC for tracking with
inequality terminal constraint is presented. In particular, the terminal ingredients of
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Figure 6.4: Evolution of h; and hy with N = 15.
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Figure 6.5: Evolution of hs, hy q, and ¢, with N = 15.

the controller, have been calculated using the method presented in section 6.7.1.

To this aim, the space of equilibrium points, has been partitioned in subspaces,
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based on the geometry of set Y,. Based on this, seven different regions of equilibrium
points have been obtained. For any region, the static gain K and the matrix P have
been calculated solving some LMIs. The seven region obtained and the relative values
of K and P are the following:

o Yo = {5 (02,02) <y, < (0.42;0.53)}
[ 00267 01213 01633 —0.3289
Y71 02401 0.1154 —0.2035 0.3473
17.7433  1.2019 12.2024 1.8258
| 12019 16.9910 1.5558 11.4664
YT 122024 15558 23.7045  4.2748
1.8258 11.4664 4.2748 26.9804
e Y., ={ys:(0.2;0.53) <y, < (0.42;0.72)}
X ~[00731 01902 02881 —0.1673
27101361 —0.1086 —0.1398  0.2884
[ 17.2518 0.4228 11.5155 1.3011
b | 04228 17.2691 0.1990  T7.9675
7 1 115155 0.1990 18.3620 3.0846
| 13011 7.9675 3.0846 12.3569
e Ys, = {ys 1 (0.42;0.2) <y, < (0.87;0.53)}
e [ _0.0837 0.1479 0.1109 —0.2378
ST 1 01433 01627 —0.3395 0.3921
[ 25.0142 1.3224 16.9693 1.7039
b | 13224 175763 18049 128116
7] 16.9693 1.8949 31.7671 4.9483
| 17039 12.8116 4.9483 28.2461
o Y, = {y,:(0.42;0.53) <y, < (0.87;0.72)}
—0.0632 0.1489 0.0746 —0.2851
: 0.1471 0.1015 —0.3714  0.3300
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6.9. Illustrative example

| —0.0225

L4 1355 = {ys
5 =
5 =

g 1386 - {ys
K¢ =
P =

L4 1357 - {ys

7=

26.6981 1.8242
1.8242  21.0805
21.7313  2.3765
2.4324 17.4553

:(0.42;0.72) <y, < (0.87;1.30)}

0.2117
0.0673 —0.0502
26.1159
0.4025
20.7702
1.5762

0.4025
22.3717
—0.7066
13.4132

£ (0.87;0.53) < y, < (1.30;0.72)}

—0.1317
0.0266

—0.0301
0.1371

21.8742 —0.7686
—0.7686 19.5727
9.3239  0.2713

| —1.6253 14.0839

£ (0.87;0.72) < y, < (1.30;1.30)}

| —0.0957 0.0075
0.0834 —0.0168
26.7931 —0.7498
—0.7498 24.2919
14.7933 —0.7085
—0.9438 15.2670

21.7313
2.3765
50.4088

2.4324

17.4553

6.2126

6.2126 45.0831

0.1708
—0.3587

20.7702

—0.7066

45.0959
3.8375

0.0873
—0.0453

9.3239
0.2713
11.5076
1.7596

0.1574
—0.1525

14.7933

—0.7085

20.1643
1.9967

—0.1772
0.2684

1.5762
13.4132
3.8375
22.0282

—0.3848
0.6802

—1.6253
14.0839
1.7596
25.8846

~0.3348 |
0.4590
—0.9438
15.2670
1.9967
25.7673 |

Moreover, to counteract the small dimension of the ellipsoids, a prediction horizon

N, larger than the control horizon N., has been chosen. In particular the setup of the
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controller has been the following: N, = 3, N, = 20, Q, = I, Q = C'Q,C + 0.011,,
R = 0.0115. Notice that

and that the offset cost function has been chosen as Vo = allys — yt]|oo, whith o =
100. As in the previous test, five references have been considered:y;; = (0.3,0.3),
Y2 = (1.25,1.25), 3 = (0.35,0.8), %14 = (1,0.8) and y,5 = (h{,hJ), and the point
xo = (0.65,0.65,0.6658,0.6242) has been chosen as initial state.

In Figure 6.6 and 6.7 the time evolution of hy, hs, hs, hy, q, and ¢ is depicted.

samples

Figure 6.6: Evolution of h; and hy in case of inequality terminal constraint.

The evolutions of the references is drawn in dashed-dotted line while the outputs
and the artificial references are drawn respectively in solid and dashed line. As in the
previous testS, the controller always steers the system to the desired setpoint, when this
point is admissible. When the target is a not adimissible setpoint, (y:3), the controller
steers the system to the point that minimize the offset cost function. Notice that, the
controller sometimes seems to loose continuity. These jumps are due to the fact that
the controller moves from a terminal ingredient to another.
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Figure 6.7: Evolution of hs, hy g, and g, in case of inequality terminal constraint.

6.10 Domains of attraction

In this section, a comparison of the domains of attraction of the controllers used for
the simulations of the previous tests, is presented. In case of nonlinear systems, it is
not easy to exactly calculate the domains of attraction using the set control theory, as
in case of linear systems. For this reason, only estimations of these sets can be done.
The estimation of the domains of attraction presented in this section has been carried
out solving the so-called Phase I problem (Boyd and Vandenberghe, 2006, pag. 579).
In particular, a series of Phase I problems has been solved for a grid of points x =
(hi, ha, hs, hy), considering the constraints of the MPC problems as the set of inequal-
ities and equalities.

The results obtained are that, the two domain of attraction extimated for the MPC
with terminal equality constraint are X3 with Chebichev’s radius r3 = 0.0518 for N = 3,
and X5 with Chebichev’s radius r15 = 0.1841 for N = 15. The domain of attraction ex-
timated for the MPC with inequality terminal constraint is a set X3 o9 with Chebichev’s
radius 7390 = 0.4546. The results are also shown in fig 6.8. These sets represent the
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Figure 6.8: Domains of attraction of the controllers proposed in this example.

projection onto y of the domanins of attractions extimated. The set of admissible
steady output Y, is drawn in dashed line. The projections of the domains of attraction
of the MPC with equality terminal constraints are drawn respectively in dotted line
(Y3) for N = 3 and in dashed-dotted line (Y;5) for N = 15. See that, as obvious, the
dimension of the feasible set grows with /N. The projection of the domain of attraction
of the MPC controller with inequality terminal constraint, Y3 o0 is plotted in solid line.

6.11 Conclusions

In this chapter the MPC for tracking for constrained nonlinear system has been pre-
sented. This controller has been presented in three different formulation: with equality
terminal constraint, with inequality terminal constraint and without terminal con-
straint.

Under some assumptions, stability of the controller has been proved for the three dif-
ferent formulation presented. The controller steers the system to the target if this is
admissible. If not, the controller converges to an admissible steady state according to
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the offset cost function.

6.12 Appendix

In this Appendix section, the technical lemmas used to prove Theorems 6.5 and 6.10
are presented. In particular, this lemmas prove the optimality of the steady state.

Lemma 6.18 Consider system (6.1) subject to constraints (6.2). Consider that as-
sumption 6.3 holds. Consider a given target y; and assume that for a given state x
the optimal solution of Py (z,y;) is such that 2%(x,y;) = g.(v°(z,v:)) and uo(z,y;) =
9u(y2(z,u1)). Let §s € Y, be given by

~ A .
. = arg min Vo(ys —
y g min Vo(ys — y:)

Then

xg(%yt) = is; U’S(mayt> = fbs, yg(xvyt) = gs

Proof: Consider that the optimal solution of Py(z,y:) is (2%, u?,y%)2.

cost function is VY (z, y¢) = Vo(y° — v;).

The optimal

The lemma will be proved by contradiction. Assume that y° # 7.

Define g given by
Js = Bys + (1= B)gs 80,1

Assuming Y, convex, this point is an admissiblo steady state. Therefore, defining
as u the sequence of control actions u = {4, ..., Us}, it is easily inferred that (u,y;) is
a feasible solution for Py(z? y;). Then using standard procedures in MPC, we have

2In this proof, the dependence of the optimal solution from (z,;) will be omitted for the sake of
clarity.
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that

Va2 y) = Vol —w)
< V(22 g, 4)
= Z é((l’(]) - Zfs), (u(j) - as)) + VO(@S - yt)
- VO(QS - yt)

Define W(x(s]7yt75) é VO(QS - yt) and notice that W(xgayhﬁ) = V]S(xgayt) tor
B = 1. Taking the partial of W about g we have that

ow o~
8_5 = g(ys_ys)

where ¢’ € Vo (ys — yi) , defining OV (ys — ;) as the subdifferential of Vo (gs — vi).
Evaluating this partial for 5 = 1 we obtain that:

Wl o,
55 |, 9 (Ys — Us)

where ¢” € OVp(y° — y), defining OVp(y° — y;) as the subdifferential of Vi (y? — ;).
Taking into account that Vp is a subdifferentiable function, from convexity (Boyd and
Vandenberghe, 2006) we can state for every y° and g, that

9" (W) = 5s) = Vo(y? — ve) = Vo (s — vi)
Taking into account that y° # 7., Vo(y° — v:) — Vo(Js — y:) > 0, it can be derived that

ow

% - > VO(?JS - yt) —Vo(9s —y) >0

This means that there exists a 8 € [B, 1) such that W (2%, y;, 8) is smaller than the
value of W (2%, y, B) for B = 1, which equals to V3 (22, ).

This contradicts the optimality of the solution and hence the result is proved. =

Lemma 6.19 Consider system (6.1) subject to constraints (6.2). Consider that as-
sumption 6.3 and 6.9 hold. Consider a given target y, and assume that for a given
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state x the optimal solution of Pn,n,(z,y:) is such that 22(z,y,) = g (y2 (2, »)) and
ud(2,ye) = gu(ys (x, y0)). Let §is € N be given by

s 2 arg ymin Vo(ys — yt)

s £

Then
xg(%yt) = j:& Ug(%@/zﬁ) = fbs, yg(xvyt) = gs

Proof: Consider that the optimal solution of Py, v, (2, %) is (x),u?,y2)*. The optimal
cost function is Viy n (,v:) = Vo(ys — y1)-

The lemma will be proved by contradiction. Assume that y° # gs.

Define g given by
Js = Bys + (1= B)gs B €[0,1]

From continuity arguments it can be derived that there exists a 3 € [0,1) such that
for every € [3,1), (22, 4,) € T

Therefore, defining as u the sequence of control actions derived from the control law
k(zx,qs), it is easily inferred that (u, g,) is a feasible solution for Py, n,(zY,y;). Then
from assumption 6.9 and using standard procedures in MPC, we have that

V]?fc,Np(xgvyt) = VO(Z/S — Ut

0, oy 7
< Vien, (%5, Y0, s)
Np—1

Z (2 (i) = &), (k(2(2), §s) — 1)) + Vi((Np) = 25, 95) + Vo(gs — v)

< V(g — 24, 95) + Vo(ds — ue)

< L llyd = 4sll” + Vo(ds — ve)

= Lv,(1 = B)"llys = 4sll” + Vo(ds — y)
where Ly, = L7b and Ly is the Lipshitz constant of g, (-).

Define W (22, y;, 8) 2 Ly, (1=8)°1ly=7s/|°+Vo (9s—:) and notice that W (z2, ¢, 8) =
V. n, (29, y¢) for 8 = 1. Taking the partial of W about 3 we have that
ow
op
3In this proof, the dependence of the optimal solution from (z,;) will be omitted for the sake of
clarity.

—Ly,0(1=B)""lyg — 51”7 + 9 (ys — 4s)
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where ¢’ € Vo (ys — yi) , defining OV (ys — ;) as the subdifferential of Vo (gs — yi).
Evaluating this partial for 5 = 1 we obtain that:

W .
55 |, 9" (Ys — Us)

where ¢* € OVp(y° — y;), defining OVp(y° — y;) as the subdifferential of Vi (y® — ;).
Taking into account that Vp is a subdifferentiable function, from convexity (Boyd and
Vandenberghe, 2006) we can state for every y° and g, that

9" (4 = 5s) = Vo(y? — ve) = Vo (s — vi)
Taking into account that y° # 7., Vo(y° — ;) — Vo(Js — y:) > 0, it can be derived that

ow

% . > VO(?JS —yt) — Vo(Us — ) >0

This means that there exists a 3 € [3,1) such that W (22, v, 8) is smaller than the
value of W (a9, y;, B) for 8 = 1, which equals to V1807Np (2%, ).

This contradicts the optimality of the solution and hence the result is proved. =






CHAPTER 7

Economic MPC for a changing
economic criterion

7.1 Introduction

This chapter is dedicated to the problem of the Model Predictive Control based on
economic cost functions.

The standard procedures in all industrial advanced process control systems is to
decompose a plant’s economic optimization in two levels. The first level performs a
steady state optimization, and it is usually called as Real Time Optimizer (RTO). The
RTO determines the optimal setpoints and sends them to the second level, the advanced
control systems, which performs a dynamic optimization. In many control process,
MPC is used as the advanced control formulation chosen for this level (Rawligns and
Amrit, 2009).

In (Rawlings et al., 2008) the authors consider the problem of a setpoint that be-
comes unreachable due to the system constraints. The usual method to handle this
problem is to transform the unreachable setpoint into a reachable steady state target
using a separate steady state optimization. This paper proposes an alternative ap-
proach in which the unreachable setpoint is retained in the controller’s stage cost and
objective function. The use of this objective function induces an interesting fast/slow
asymmetry in the system’s tracking response that depends on the system initial condi-
tion, speeding up approaches to the unreachable setpoint, but slowing down departures
from the unreachable setpoint. In (Rawligns and Amrit, 2009) the authors consider
the case of replacing the setpoint objective function with an objective measuring some
economic performance. In (Diehl et al., 2011) the authors also show that the economic
MPC schemes admit a Lyapunov function to establish stability properties.
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If the economic criterion changes, for instance due to changes in the prices, expected
demand, etc., the economically optimal admissible steady state where the controller
steers the system may change, and the feasibility of the controller may be lost. This loss
of feasibility recall the tracking problem treated in (Limon et al., 2008a; Ferramosca et
al., 2009a) for linear systems and in (Limon et al., 2009b) for nonlinear systems, and in
the previous chapters of this thesis. These controllers ensure that under any change of
the setpoint, the closed-loop system maintains the feasibility of the controller, ensures
the convergence to the setpoint if admissible (and the closest steady state if it is not),
and inherits the optimality property of the MPC for regulation.

In this chapter, an economic MPC for a changing economic criterion is presented.
This controller inherits the feasibility guarantee of the MPC for tracking (Limon et al.,
2008a; Ferramosca et al., 2009a) and the optimality of the economic MPC (Rawlings et
al., 2008; Diehl et al., 2011). A particular stage cost function is proposed for establishing
asymptotic stability.

7.2 Problem statement

Consider a system described by a nonlinear time-invariant discrete time model
= f(z,u) (7.1)

where x € R" is the system state, u € R™ is the current control vector and z™ is the
successor state. The solution of this system for a given sequence of control inputs u
and initial state x is denoted as z(j) = ¢(j;x,u), j € I>o, where z = ¢(0;z,u). The
state of the system and the control input applied at sampling time k are denoted as
z(k) and u(k) respectively.

The system is subject to hard constraints on state and input:
z(k)e X, u(k)eU (7.2)
for all £ > 0, where X C R” and U C R™ are closed sets.

The steady state and input of the plant (zs,us) are such that (7.1) is fulfilled, i.e.
s = f(xs, ug).
We define the set of admissible equilibrium states as
Zo={(v,u) e X xU |z = f(zx,u)} (7.3)
Xs={xr € X | Ju € U such that (z,u) € Z;}
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Notice that X is the projection of Z, onto X.

Assume that there existas a parameter § € R™ such that the couple (zg,us) is
univocally defined:

Define, then, © = {6 € R™ | (g.(0), 9.(0)) € N\Z}.

The controller design problem consists of deriving a control law that minimizes a
given performance cost index

F

1(x(5), u(7))

Il
=)

J

where [(z,u) defines the economic stage cost.

The model is assumed to satisfy the following assumption:
Assumption 7.1

1. Function l(x,u) : R x R™ — R" is a non-negative function for any (x,u).

2. The model function f(z,u) and the economic stage cost function l(x,u) are Lip-
schitz continuous in (x,u); that is there exist Lipschitz constants Ly, L > 0 such
that, for all (z,u), (xg,up) € X x U

|f(z,u) = fwo,u0)| < Lyl(w,u) — (0, uo)]
|l(ac,u) - l(x07u0)| < Ll|(1‘7u> - (ZEO,UO)‘

3. (Weak controllability) Define the set
Zn(w)={(z,u) € X x U |z(j) € X, u(j) € U, j € lo.y_1, o(N)=w}

for any w € X, where x(j) = ¢(j;x,u). It is assumed that there exist a set
Q C R" and a K -function n such that, for any (w,v) € Zs and for any (z,u)
such that (r —w) € Q and (x,u) € Zy(w), then

=

u(j) = v] < nllz —w|)

<.
I
<)

4. The set of parameter © is a conver set.
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Remark 7.2 If the set © = {0 € R™ | (9.(0), 9.(0)) € \Zs} results to be non-conver,
then a suitable convex set © contained in {0 € R™ | (g.(0),9.(0)) € \Zs} must be
chosen.

Given the economic stage cost, the economic controller should steer the system to
the optimal reachable steady state, which is defined as follows:

Definition 7.3 The optimal reachable steady state and input, (z%,uk), satisfy

s7 s

(xh,ul) = argminl(z,u)

st. x= f(z,u)
reX, welU

7.3 Economic MPC

In the economic MPC the stage cost is an arbitrary economic objective, which does not
necessarily penalizes the tracking error to the optimal target (z¥,u%). In (Rawlings et
al., 2008) and (Rawligns and Amrit, 2009), for instance, the authors use a stage cost
of the optimal control problem which measures distance from the setpoint even if this
setpoint is unreachable at steady state due to the problem constraints, but desirable
for economic reasons. In general, the economic MPC cost function is given by

Vit w = 3 1))

The economic MPC control law is derived from the solution of the optimization problem
Py ()
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and is given by the receding horizon application of the optimal solution, k% (z) =
u®(0; z). The optimal value of the cost function is noted as V°(x). The feasible region
of the optimization problem is given by:

v ={re X |3z,u) € Zn(w), forw= 2>}

The standard Lyapunov arguments to prove asymptotic stability of MPC cannot be
used in this case because the optimal cost is not necessarily decreasing along the closed-
loop trajectory. In (Rawlings et al., 2008) asymptotic stability for linear, stabilizable
models with strictly convex quadratic cost function is established, but a Lyapunov
function is not found. In the paper (Diehl et al., 2011), asymptotic stability of economic
MPC is established using Lyapunov arguments. In order to find a suitable Lyapunov
function, in (Diehl et al., 2011) the authors made the following assumption:

Assumption 7.4 (Strong duality of the steady state problem) Let L,(z,u) be
the rotated stage cost function given by

Ly(z,u) = l(z,u) + X (z — flz,u) — (s, us)

where X 1s a multiplier that ensures the rotated cost exhibits a unique minimum at
(s, us) for allx € X, uw € U. Then there exists a a K-function oy such that L,(x,u) >

ap(|x — z4)).

In (Diehl et al., 2011) it is proved that the predictive control law derived from the
following optimization problem Pg (x)

min Z_ Ly (z(5), u(f))
s.t.
z(0) =z,

J)e X, u(j) €U, je€lpna

is identical to the economic predictive control law, and that the optimal cost function
is a Lyapunov function, which demonstrates asymptotic stability as in standard MPC
(Diehl et al., 2011).
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Remark 7.5 (Convex problems) In (Diehl et al., 2011) it is pointed out that in the
convez case it is easy to show that, if the steady state problem is feasible and [(.,.) is
strictly conver in (x,u), Assumption 7.4 is always satisfied.

When the economic objective of the controller changes, the optimal admissible
steady state (zs,us) (to which the system should be steered by the controller) changes
as well. This change may cause a loss of feasibility of the controller.

At the same time, the MPC for tracking constrained linear and nonlinear systems
presented in the previous chapters of this thesis, provides stability and convergence to
the setpoint under changing operating points, but based on what has been explained
in this section, it is suboptimal with respect to an economic objective.

The main objective of this chapter is to combine the economic MPC proposed in
(Diehl et al., 2011) with the MPC for tracking proposed in (Limon et al., 2009b) in
such a way that the combined controller inherits the advantages of both formulations.

7.4 Economic MPC for a changing economic criterion

In this section the economic MPC for a changing economic criterion is presented. The
cost function proposed is composed by an economic stage cost function and an offset
cost function as in (Limon et al., 2008a; Ferramosca et al., 2009a; Limon et al., 2009b).
This offset cost function is defined as follows:

Definition 7.6 Let Vo (z,u) be a conver positive definite function such that the unique
minimizer of

2 Vol
S Vole,u)

is (xs, ug).

The economic stage cost function is given by:

li(z,0) =l(z + x5, v+ ul)

To the aim of proving stability of the controller, we need to introduce the rotated
stage cost function:
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Definition 7.7
Li(z,v) = L.(z + 2%, v+ ul)

This stage cost function satisfies the following properties:

Property 7.8

1. Li(x — 2f,u—ul) = L.(z,u)
2. Li(0,0) = L.(z,ut) =0

R

3. Li(z,v) > aq(|z|) + aa(|v]|) for certain K functions oy and as.

The economic MPC for a changing economic criterion proposed in this chapter
solves, for any current state x, the following optimization problem Py (z):

rx&i@nVN (z;u,0) (7.6)
s.t. (7.7)
z(0) = z, (7.8)

zt = f(z,u), (7.9)

z(j) € X, u(j) €U, j€lpna (7.10)

s = g:(0), us = gu(0) (7.11)
0eco (7.12)

z(N) = x4 (7.13)
(7.14)

where
V@ d) = 3 Liel) - o uli) — us) + Volea us)

The optimal cost and the optimal decision variables will be denoted as Vy(x) and
(u®, 6°) respectively. The control law is given by xy(z) = u°(0; z).

Notice that, if we add the constraint z(N) = 2% in Py(z), the optimization problem
is the same as Pg(z).
The feasible region of the optimization problem is a compact set given by

Xy ={r e X |3I(z,u) € Zy(w), forwe X}
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Since {z%} C X, we have that X3 C Xy.

The set X is a feasible set of initial x such that one can reach any feasible steady
state with /N admissible inputs.

The set X% is a feasible set of initial x such that one can reach the optimal steady state
with N admissible inputs.

Then, the set Xy is larger, and, in some applications much larger, than X5, (Fer-
ramosca et al., 2010b).

In the following theorem, asymptotic stability of the proposed economic MPC for
tracking is stated.

Theorem 7.9 If assumptions 7.1 and 7.4 hold, then (x%,u¥) is an asymptotically stable
equilibrium point for the controlled system and its domain of attraction is Xy .

The proof of Theorem 7.9 follows the same arguments as the proof of Theorem 1
in chapter 6

Proof: Consider that x € Xy at time k, then the optimal cost function is given
by V3(x) = Vy(x;u’(z),0%x)), where (u°(z),0°(x)) defines the optimal solution of
Py(z,y;) and u®(z) = {u®(0;2),u"(1;2),....,u®(N — 1;2)}. Notice that u°(0;z) =
kn(z). The resultant optimal state sequence associated to u’(z) is given by x°(z) =
{2°(0; ), 2°(1; x), ..., 2°(N — 1;2),2°(N; )}, where 2°(0;2) = z, 2°(1;2) = 2T and
2(N; ) = 2i(x) = g:(6°(x)).

As standard in MPC (Mayne et al., 2000; Rawlings and Mayne, 2009, Chapter 2),
define the successor state at time k+1, 7 = f(z, ky(z)) and define also the following
sequences:

[uo(l; ZE), e 7UO(N_1; l‘), US(Q?)]
0°(x)

™ &
e e

where u(z) = ¢,(0°(z)). It is easy to derive that (1@,6) is a feasible solution for the
optimization problem Py (z™). Therefore, Xy is an admissible positive invariant set
for the closed-loop system and hence the control law is well-defined and the constraints
are fulfilled throughout the system evolution.
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The state sequence due to (@1, 0) is x = {2°(1; ), 2°(2; x), ..., 2°(N; z), 2° (N +1; )},
where 2°(N;z) = 2%(z) and 2°(N + 1;z) = f(2°(N;2),ud(z)) = =

x = {2°(1;2),2°(22), .., 23(2), 23 (@)}

which is clearly feasible. Compare now the optimal cost VJ(x), with the cost given
by (11,6), Vy(xzt;1,0). Taking into account the properties of the feasible nominal
trajectories for ™, Assumption 7.1 and using standard procedures in MPC (Mayne et
al., 2000; Rawlings and Mayne, 2009, Chapter 2) it is possible to obtain:

Vi(z"18,0) — Vy(z) = —Li((z—23(2)), (u’(0; ) —u(x))) = Vo oy, uy)
+Li((2(Ny2) =23 (@), (ug(2) —ug(2))) +Vo (24, u)
=—Li((z—23(x)), (u’(0;2) —uy(2)))

By optimality, we have that V2(z*) < Vy(2;@,6) and then:

Vy(a®) = Vy(e) < —Le((z—25(2)), (u’(052) —ul()))
= —Ly((z—2((2)), (kv () —us(@)))

Taking into account the property 7.8, we have that:

lim |z (k) — 23(2(k))[=0,  limu(k) — ug(z(k))|=0

k—o0 k—o0

Hence the system converges to a point (2%, u?), such that 2% = ¢,(6%) and u° = g,(6°).

Now, it is proved that the system converges to an equilibrium point. Pick an
e > 0, then there exists a k() such that for all k& > k(e), |z(k) — 2%(z(k))| < € and
|u(k) — ul(x(k))| < . Then, removing the time dependence for the sake of simplicity,
it is inferred that

) + 75(z) — 2
|2* — ()| + |25(2) —
[f (2, u) = f(23(@), w)(@))] + |25(2) — ]
< Lyle —a3(@) + Lylu — ui(@)] + [a3(2) —
< (2Ly+1)e

|zt — x| |zt — (a:

IN

Therefore, for a given ¢ > 0, there exists a k(¢) such that |27 —x| < (2Lf+1)e. Hence,
the system converges to a steady state =, and this is such that z., = 2%(z) € X.

Since Vp(zs, us) is convex, using lemma 7.17, it is proved that (Z.,us) is the
optimal steady state of the system, that is (Ts, Uso) = (2%, uk).

s7 s
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Finally, the fact that (2%, u}) is a stable equilibrium point for the closed-loop system
is proved. That is, for any € > 0 there exists a 6 > 0 such that for all |z(0) — z%| <,
then |z(k) — z%| < e.

To this aim, define the function W(z) = Vo(z) — Vo(a*,u?). Then, W(x%) = 0.

z)
This function is such that aw (|x —z%|) < W(x) < Bw(|x — x%|), where ayy and Sy are
suitable K., functions. In fact:

o W(z) > ay|z — 2°|) + ao(|2? — z%|). This comes from the fact that the stage
cost function is a positive definite function and from the definition of V5. Hence

W (x)

VIV
o
N
T
|
8
o
_|_
=
o
|
H*

e Notice that V}(z) < Vy(x;u,60*) + Vo(zf,ul). Due to the weak controllability
of z¥ (assumption 7.1), there exists a Ko, function Sy such that Vy(z;u,6*) <
Pw (lz — 27]). Hence W(z) < fw (|z — 27]).

Then, aw(Jz(k) — z%|) < W(z(k)) < W(x(0)) < Bw(|jx — z%|) and, hence, |z(k) —
2] < oo ([2(0)—3). So, picking & = Atoany (=) then (k) x| < ol ofhw (5) <

g, proving the stability of 7.

Recapping, it has been proved that for all initial state o € Xy, the closed-loop
system converges to an equilibrium point (x%, u*). Moreover, it has been demonstrated
that this equilibrium point is stable for the closed-loop system. Therefore, (z¥,u}) is
an asymptotic stable equilibrium point for the closed-loop system and its domain of
attraction is Xy. n

Property 7.10 (Changing economic criterion) Since the set of constraints of Py(x)
does not depend on (x%,ul), the proposed controller is able to guarantee the recursive
feasibility, admissibility and asymptotic stability for any change on-line of the economic
criterion. In fact, since the domain of attraction Xy does not depend on the optimal
steady state, for all x(0) € Xy every admissible steady state is reachable. Moreover,
since the trajectory remains in Xy, if the economic criterion (and hence the optimal
steady state) changes, problem Py(z) does not loose feasibility and the system is led to
the new optimal steady state in an admissible way.
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The drawback of this formulation is that it requires the a priori calculation of A and
(%, u¥). In the next section it is shown that in case of linear systems, the dependence
on A can be removed as in (Diehl et al., 2011), by means of a suitable choice of the
offset cost function.

7.4.1 Specialization to the linear case

Consider that the model function f(z,w) is linear, such that:
2t = Az + Bu

Consider also that the pair (A,B) is stabilizable.

In order to prove that the dependence from A can be removed, a rotated offset cost
function can be defined:

Definition 7.11

Vo(zu) = Vo(x,u)—f—)\,(x—x;‘)—VO(x:,u;‘)

Notice that this rotated offset cost function has to fulfill assumption 7.1.4. Hence,
if Vo (x,u) is convex, since \(x—xF) is convex, then Vp(z,u) is also convex.

Hence, the cost function of the economic MPC problem for a changing economic
criterion in case of linear systems is given by:
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and the optimization problem Py (z) is given by

migl Vi (z;u,0)

s.t.
z(0) =
xt = Am—f—Bu
x(j) e X, u(j) €U, j€lpn
T = g.(0) € AX
us = gu(0) € AU
x(N) = x4

Lemma 7.12 The optimization problem f’N(x) 18 equivalent to

H&,len j;o C(2(f) — 2, u(f) — us) + Vol(ws, us)
s.t.
z(0) = =,
2t = Ax + Bu,

x(j) € X, u(j) €U, j€lpn
s = g.(0) € A\ X

us = gu(0) € AU

z(N) = x4

7.16
7.17
7.18
7.19
7.20
7.21
7.22
7.23

N T s s s s s T
~— N N~ N~ N~ N~ N
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Proof: Operating with the cost function we have that
VN(J;; uae) ZLt(x(j) —,I’S,U(j) _us)—{'VO(ms;Us)
§=0
N-1
((2(9) = @y ulg) = ) & Alald) =20+ 1)) = bule, u2))
j=0
Vo (s, us) + N (zs — %) — Vo(ak, u?)
N-1
S G(e() = () — ) + X(w = ) = Ne(at, 02)
j=0
Vo (s, us) + N (zs — %) — Vo(ak, u?)
N-1
S l(e() = () — ) + X(w = 2,) = Ne(at, 02)
j=0
"—VO(ms; us) - VO(IL u:)
This is equivalent to optimize, at any instant, the cost function
Vi (z;u,0) Zﬁt ) — s, u(f) — us) + Vo(zs, us)
proving the lemma. ]

From this lemma it is clear that, solving problem (7.24) instead of problem (7.15),
gives the same controller. The advantage is that is not necessary to know the value of

A

7.5 Local economic optimality

The proposed economic MPC for a changing economic criterion may be considered as a
suboptimal controller (with respect to the setpoint) due to the stage cost to minimize.
As demonstrated in the following property, however, under mild conditions on the offset

cost function Vp(-), the proposed controller ensures the economic optimality property
as in (Diehl et al., 2011).

Assumption 7.13 There exist a positive constant v such that

Vo(z,u) 27|z — x|



166 7.5. Local economic optimality

Then we can state the following property:

Property 7.14 (Local optimality)

Consider that assumptions 7.1, 7.4 and 7.13 hold and assume that vy € Xn. Then
there exists a a® > 0 such that for all v > o° and for all x € X the proposed economic
MPC for tracking is equal to the economic MPC, i.e. ky(x) = K% ().

Proof: First, define problem P]f,(x), which is equivalent to problem P (x), but rewrit-
ten as follows:

m&n Z Li(x(j)—xs,u(j)—us) + Vo(zs,us) (7.33)
s.t. (7.34)
z(0) = =, (7.35)

zt = flz,u), (7.36)
z(j) € X, u(j) €U, j € lona (7.37)

Ts = go(0) € AX (7.38)

us = gu(0) € AU (7.39)
x(N) = x5 (7.40)
[2(N) — alq =0 (7.41)

*

Let v(x) be the Lagrange multiplier of the equality constraint |z(N) — 27|, = 0 of the
optimization problem Pg(z). We define the following constant o
a® = max |v(z)]
zeXg,
Define the optimization problem Py (z) as a particular case of Py(z) with Vo (z,u) £
v|x — x|, where |.|, is the dual norm of |.|,'. This optimization problem results from
Pf(x) with the last constraint posed as an exact penalty function. Therefore, in virtue
of the well-known result on the exact penalty functions (Luenberger, 1984), taking any

v > o we have that
VP (x) = Vg o) <V (2) < VR (x)

and hence V_(z) = V() for all z € X§. ]

'The dual |.|, of a given norm |.|, is defined as |u[, = ‘rr|1a<xl u'v. For instance, p = 1 if ¢ = oo and
Vig>
vice versa, or p = 2 if ¢ = 2 (Luenberger, 1984).



Chapter 7. Economic MPC for a changing economic criterion 167

7.5.1 Specialization to the linear case

In case of linear systems, we need to make the following assumption, due to the defi-
nition of the rotated offset cost function 7.11

Assumption 7.15 There exist a positive constant v such that

Vo(ZE,U,) - Vo<l’:,u:) > ’3/|I' - [E:|

Lemma 7.16
If assumption 7.15 holds, then for any v > 0 there exists a 4 > 0 such that

Volz,u) = ylz — 7|

Proof: Using the Cauchy—Schwarz’s inequality, A\ (z, — 2%) < |A|zs — 2%|. Take
4 > |A| +~. Then,

Vo(zs,us) = Volzs, us) + )\,(ms — i) — Vo(a, ul)

> ﬁ/|xs_x:‘+)\l(l's—x:)

> Az, — 2] + Al — 2i] + N, — 27)
= [z — x| = N (@F — o)+ |ws — 27
> 7|x5—$:|

7.6 Illustrative examples

In this section three examples are presented. The first one shows that the economic
MPC for a changing economic criterion inherits the large feasible set associated with
MPC for tracking (Limon et al., 2008a; Ferramosca et al., 2009a). In the second
example, the role of the offset cost function in the local economic optimality property
is shown. The third example shows that the economic MPC for a changing economic
criterion inherits the economic optimality property of the economic MPC (Rawlings et
al., 2008; Diehl et al., 2011).
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7.6.1 Feasibility: the CSTR case

The system considered is a continuous stirred tank reactor (CSTR), (Chisci et al., 2005;
Magni et al., 2001a). Assuming constant liquid volume, the CSTR for an exothermic,
irreversible reaction, A — B, is described by the following model:

Cy = %(CAf—C’A)—koe(%)CA (7.42)
. g AH v UA
T = = (T —T) — —ke' 70y + —(T. - T
Ty =T) PR A+vp0p( )

where C4 is the concentration of A in the reactor, T is the reactor temperature and
T, is the temperature of the coolant stream. The nominal operating conditions are:
¢ =1001/min, Ty = 350 K, V = 1001, p = 1000 g/1, C, = 0.239 J /g K, AH = —5x 10*
J/mol, E/R = 8750 K, ko = 7.2 x 10®min~!, UA = 5 x 10* J/ min K and Cyy = 1
mol/I.

The objective is to regulate y = xo = T and x; = C4 by manipulating v = T..
The constraints are 0 < Cy < 1 mol/l, 280K < 7' < 370K and 280K < T, < 370 K.
The nonlinear discrete time model of system (7.42) is obtained by discretizing equation
(7.42) using a 5-th order Runge-Kutta method and taking as sampling time 0.03 min.
The set of reachable output is given by 304.17K < T' < 370K. The outputs in this
range are all controllable.

The economic stage cost function is I(z, u) = || — 2|3+ [|u—usp || Where (2, ugp)
defines the unreachable setpoint and @ = diag(1,1/100) and R = 1/100 are the weight-
ing matrices. The function Vo = a||zs — 2|l has been chosen as the offset cost func-
tion. The controller has been implemented in MATLAB 7.8 and the function fmincon
has been used to solve the optimization problem.

In Figure 7.1 the the evolution of the system for a change of setpoint is plotted.
The system has been considered to be steered from o = (0.7950, 332), uy = 302.8986,
to ys, = 400, and then to ys;, = 300. Both setpoints are unreachable. The optimal
equilibrium points are =% = (0.2057,370), and x¥ = (0.9774,304.17). A horizon N = 3
has been used. The evolution of the system (solid line), the artificial reference? x,
(dashed line), and the real reference (dashed-dotted line) are shown. Notice that the
controller steers the system to the extremes of the reachable range, even with the short
horizon.

2As stated in chapter 2 of this thesis, the equilibrium point (z4,us) can be understood as an
artificial reference that the system could reach with a feasible evolution.
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Figure 7.2: Feasible sets for different values of N.

In figure 7.2 the feasible sets X of the proposed controller for N = 2, N = 10 and
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Figure 7.3: Difference between V) and V¥ versus a.

N = 17 are depicted in solid blue, red and black lines, respectively. These regions have
been estimated solving a Phase I problem (Boyd and Vandenberghe, 2006) in a grid.
The dotted line represents the set of equilibrium points of the system. The controller
has been compared with the economic MPC presented in (Diehl et al., 2011). The
resulting feasible set for N = 17, labeled as €);7 is depicted in dashed line. Notice
that this set is smaller than the one obtained with the economic MPC for a changing
economic criterion using an horizon N = 17. Moreover, notice how the sets Xy cover
the entire steady state manifold, even for N = 2, thus showing that the new formulation
has increased the domain of attraction of the controller.

7.6.2 Local optimality

In this example, the local optimality property is shown. To this aim, the difference
between the optimal cost of the MPC presented in (Diehl et al., 2011), V°, and the
one presented in this chapter, Vy, are compared.

The test consisted in calculating the optimal costs V and Vi, for steering the
system from zy = (0.7950,332), uy = 302.8986, to x5, = (1,340), us, = 350, which
is not a reachable equilibrium point for the system. The optimal equilibrium point
for the system, given x4, and us,, is 2% = (0.7255, 336.9019), v = 303.1932. VY, with
N = 17, has been calculated for different values of . In figure 7.3 the value of Vg — V&
versus « is plotted. As can be seen, Vy — V& drops sharply to near zero for « = 9. As
discussed in section 7.5, this happens because the value of o becomes greater than the
value of the Lagrange multiplier of the last equality constraint of problem Pg’, which
is ¥ = 8.1127.
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7.6.3 Economic Optimality

The object of this example is to show that the controller proposed in this paper in-
herits the optimality with respect to the setpoint property from the economic MPC
formulation (Rawlings et al., 2008; Diehl et al., 2011). To this aim, a comparison of
the optimality performance of the three controllers - economic MPC, MPC for tracking
(Limon et al., 2008a; Ferramosca et al., 2009a), economic MPC for a changing economic
criterion - has been made.

The cost functions are the following:
Economic MPC (E-MPC, (Rawlings et al., 2008; Diehl et al., 2011)):

N-1

Vi(zu) = > x()), u()))

§=0
with the economic stage cost function considered as in the example presented in section
7.6.1, that is £(z,u) = |v — Tg5 + [u — uyp|h where (24, uy,) defines the unreachable

setpoint and () and R are the weighting matrices.
MPC for tracking (MPCT, (Limon et al., 2008a; Ferramosca et al., 2009a)):

N-1
Vi(ziw,0) = > |z()) — g+ uli) — i + [2(N) — 23
j=0

where |2(N)—zg,|% is the offset cost function.
Economic MPC for a changing economic criterion (E-MPCT):

N-1

Vi@ 0) = 3 6(e() — zaul) —u) + Volrau)

=0

The offset cost function considered for the economic MPC for changing economic cri-
terion is Vo = a|xs — T4p|oo, where « is chosen as the value of the Lagrange multiplier
of the last equality constraint of problem Pg’ (see section 7.5).

The controllers’ performance have been assessed using the following closed-loop
control performance measure:

T
¢ = Z |z (k) — x8p|2Q + |u(k) — u8p|§2 = (|5 - 5E8p|22 + Jug — usz?ﬁ%)
k=0

where T is the simulation time.
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The system considered is the double integrator:

11 . .
A  B- 0.0 0.5 o= 10 ‘
01 1.0 0.5 01
Hard constraints on state and input have been considered: ||z]/o < 5 and ||l <
0.3.

The setpoint considered is x4, = (6;3), which is unreachable. The optimal steady
state, for the considered set of constraints, is x¥ = (5;0.15). The MPC parameters are
@ = I, and R = [,. The simulation time is 7' = 50.

The initial condition considered is xy = (—4;2). A horizon N = 10 has been used.
The value of « for the offset cost function has been chosen as o« = 373. As discussed in
section 7.5, this value has been chosen greater than the value of the Lagrange multiplier
of the last equality constraint of problem Pg’, which is a® = 372.64.

The closed-loop performances of the three controllers are shown in table 7.1.

Table 7.1: Comparison of controller performance

Measure | E-MPC | MPCT | E-MPCT
o 226.7878 | 304.3342 | 226.7878

The performance of the new formulation is equal to the economic MPC performance,
while the MPC for tracking has significantly worse performance. This shows how the

new formulation inherits the optimality with respect to the setpoint from the economic
MPC.

The closed-loop performances for a second simulation are shown in table 7.2. The
setpoint considered has been z,, = (4.85;3), which is unreachable. The optimal steady
state is x5 = (4.85;0.15). The MPC parameters are () = I, and R = I5. The simulation
time is 7' = 50. The initial condition considered is o = (0; —1.5). A horizon N = 3
has been used. With this shorter horizon, the initial state is infeasible for the economic
MPC controller, but remains feasible for the other two controllers.

Notice that the new formulation again gives better closed-loop performance com-
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Table 7.2: Comparison of controller performance

Measure | E-MPC | MPCT | E-MPCT
) — 422.8128 | 385.1432

pared to MPC for tracking.

In Figure 7.4 the state space evolutions are depicted. The dashed line represents
the evolution of the E-MPCT presented in the paper, while the dashed-dotted one
represents the MPCT evolution. The feasible set for the proposed controller X3 (in
solid edge) and the one for the economic MPC X§ (in dashed edge) are also depicted.
The starting point x is depicted as a dot, while the optimal steady state x is depicted
as a star. It is clear how the two controllers have the same evolution while their
trajectories lie outside of X5. This is because the E-MPCT follows the MPCT feasible
trajectory while the E-MPC is unfeasible for a N = 3 horizon. When the trajectories
enter the feasible set of the E-MPC, X§, the evolution of the system controlled with
the E-MPCT follows the optimal one.

This example illustrates the two main properties of the economic MPC for tracking:
it provides optimality with respect to the setpoint as in the economic MPC, and a large
feasible regions as in the MPC for tracking formulation.

7.7 Conclusions

In this chapter, an MPC that handles a changing economic criterion has been presented,
which is a hybrid of the MPC for setpoint tracking (Limon et al., 2008a; Ferramosca
et al., 2009a) and the economic MPC (Rawlings et al., 2008; Diehl et al., 2011).

The results presented in this chapter have shown how the new formulation inherits the
main properties of the two other controllers: the feasibility guaranty of the MPC for
tracking and the optimality with respect to the setpoint of the economic MPC. The
presented controller is able to provide a larger domain of attraction, as the MPC for
tracking, and at the same time, a better performance with respect to the setpoint,
as the economic MPC. Asymptotic stability of the proposed controller has been also
established.
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Figure 7.4: Feasible sets of the E-MPCT (solid edge) and of the E-MPC (dashed edge)
and state evolutions of the MPCT (dashed-dotted line) and of the E-MPCT (dashed
line). The E-MPCT follows the MPCT feasible trajectory while the E-MPC problem
is unfeasible with N = 3 moves. When the trajectory enters X, the E-MPCT follows
the E-MPC optimal trajectory.

7.8 Appendix

In this Appendix section, the technical lemma used to prove Theorems 7.9 is presented.
In particular, this lemmas prove the optimality of the steady state.

Lemma 7.17 Consider system (7.1) subject to constraints (7.2). Consider that as-
sumptions 7.1 and 7.4 hold. Assume that for a given state x the optimal solution of
Py(x) is such that 2%(x) = g,(0°(z)) and u%(z) = g.(6°(x)). Let 6 € © be such that
iy = go(0) and @y = g, (0) are given by

(is,ﬂs)éarg min  Vo(zs, us)
(zs,us)EZs
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Then

Proof: Consider that the optimal solution of Py(z) is 6°. In the following, the de-
pendence of the optimal solution from x will be omitted for the sake of clarity. The
optimal cost function is V3 (x) = Vo (22, u?).

The lemma will be proved by contradiction. Assume that 6° # 0.

Define 6 given by 3
0=p6°+(1-p)0 5el01]

Assuming © convex, hence (&;, ;) = (g2(0), gu(0)) is an admissible steady state.
Therefore, defining as u the sequence of control actions derived from the control law
k(z,0), it is easily inferred that (u,0) is a feasible solution for Py(z?). Then using
standard procedures in MPC, we have that

Define W (22, 3) = Vo(Vo(is, 1s)) and notice that W (2%, 8) = V3(2?) for 8 = 1.
Taking the partial of W about 3 we have that

T = -l
where ¢’ € OV (s, Us) , defining OV (Zs, Us) as the subdifferential of Vo (&5, us). Eval-
uating this partial for 5 = 1 we obtain that:
ow
0B | sy

where g* € Vo (22, u?), defining Vo (22, u?) as the subdifferential of Vi (2%, u?). Tak-
ing into account that Vjp is a subdifferentiable function, from convexity (Boyd and
Vandenberghe, 2006) we can state for every 6% and 6 that

= g% (@ = Ty, ul — i)

9 (20 — Fg,ul — 1y) > Vo (a2, ul) — Vo (i, i)

s
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Taking into account that 6° # 8, Vp (22, u®) — Vo (&, @) > 0, it can be derived that

il > Vo(22,u) — Vp(@s, is) > 0
0B |5,

s7 s

This means that there exists a 8 € [3,1) such that W (z?, 8) is smaller than the value
of W(22, 8) for 8 = 1, which equals to VJ(z?).

This contradicts the optimality of the solution and hence the result is proved. m



CHAPTER 8

Conclusions and future work

8.1 Contribution of the thesis

This thesis dealt with the problem of designing a model predictive controller (MPC)
for process industries systems characterized by changes in their operating point. The
traditional MPC formulation to regulate the system the a desired setpoint guarantees
the setpoint tracking when there are no constraints but may not solve the problem
when the plant has constraints. In this case, the change of setpoint may cause a loss of
feasibility of the optimization problem, mainly because of two reasons: (i) the terminal
set shifted to the new operating point may not be an admissible invariant set, which
means that the feasibility property may be lost and (ii) the terminal region at the
new setpoint could be unreachable in N steps, which makes the optimization problem
unfeasible. In this case, a re-calculation of an appropriate value of the prediction
horizon is necessary to ensure feasibility. Therefore, this would require an on-line re-
design of the controller for each setpoint, which can be computationally unaffordable.

In Chapter 2, an MPC formulation able to overcome this problem has been pre-
sented. This formulation is characterized by the use of an artificial steady state consid-
ered as decision variable, the use of a cost function which measures the distance of the
predicted trajectory to the artificial steady state, an additional cost that penalizes the
distance of the artificial steady state to the desired output (the offset cost function),
and an extended terminal constraint, the invariant set for tracking. It is proved in this
chapter, that a suitable choice of the offset cost function ensures the local optimality
property of the controller, that is, the MPC for tracking provides the same optimality
as the unconstrained LQR. Moreover, it is presented a characterization of the region
in which this property is ensured.

Besides, the proposed MPC for tracking formulation allows to consider any set of pro-
cess variables as target which makes the controller suitable for non-square plants.
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The proposed MPC for tracking deals with the case that the target to track does
not fulfil the hard constraints or it is not an equilibrium point of the linear model.
In this case the proposed controller steers the system to an admissible steady state
(different to the target) which minimizes the offset cost function. This property means
that the offset cost function plays the same role as a real-time optimizer (RTO), which
is built in the proposed MPC. In Chapter 3 it has been also proved that, this function
can be formulated as a distance to a set. This formulation makes the MPC for tracking
suitable also for zone control problems, where the desired setpoint is not a fixed-point,
but the output are desired to lie in a set. It has been proved in this chapter that the
MPC for tracking target sets ensures recursive feasibility and stability. The issue of
this formulation is the way the optimization problem can be solved, due to the non-
trivial choice of the offset cost function. In the chapter, three formulations of the offset
cost function, that allow to formulate the optimization problem as a QP problem, have
been given.

In chapter 4, a robust MPC for tracking formulation for the zone control problem
has been presented, for the case of presence of additive disturbances. The proposed
controller is an MPC based on nominal predictions and constraints that get restricted
each prediction step. It has been proved that this controller ensures stability, robust
satisfaction of the constraints and recursive feasibility. The plant is assumed to be
modeled as a linear system with additive uncertainties confined to a bounded known
polyhedral set. It has been proved that, under mild assumptions, the proposed MPC
is feasible under any change of the controlled variables target and steers the uncertain
system to (a neighborhood of) the target if this is admissible. If the target is not
admissible, the system is steered to the closest admissible operating point.

The thesis also focused on the problem of control of large scale systems. This kind
of systems usually consist of linked unit of operations and can be divided into a number
of subsystems, connected by networks of different nature. The overall control of these
plants by means of a centralized controller is difficult to realize, because of the elevate
computational burden and the difficult to manage the interchanges of information
between the single units. Hence, an alternative control strategy is distributed control
that is, a control strategy based on different agents - instead of a centralized controller
- controlling each subsystems, which may or may not share information. The difference
between these distributed control strategies is in the use of this open-loop information:
noncooperative controllers, where each agent makes decision on the single subsystem
considering the other subsystems information only locally and which make the plant
converge to a Nash equilibrium; cooperative distributed controllers, which consider the
effect of all the control actions on all subsystems in the network and make the system
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converging to the Pareto optimum. In Chapter 5 a cooperative distributed MPC for
tracking linear systems is presented. In this formulation, each agent knows the overall
plant objective, and optimizes it only with respect to its particular control action.
As for the target problem, the controller has been implemented with a centralized
offset cost function and a centralized terminal constraint. It has been proved that,
the proposed controller ensures recursive feasibility and convergence to the centralized
target.

The thesis has also dealt with nonlinear systems. In particular, in Chapter 6, the
MPC for tracking has been extended to cope with nonlinear systems. Three formu-
lations of this controller have been proposed, respectively characterized by equality
terminal constraint, inequality terminal constraint and the absence of a terminal con-
straint. Stability and recursive feasibility have been proved for all these formulations.
The calculation of the terminal ingredients, in the case of inequality terminal constraint,
is not trivial. This chapter also proposed an interesting method for their calculation,
based on an LTV modeling of the plant. The idea is to design a set of local predictive
controllers, whose feasible regions cover the entire steady state manifold. The MPC for
tracking jumps from a control law to another, according to the position of the artificial
steady state in the steady state subspace.

Finally, the thesis focused on the topic of economic MPC. The economic MPC con-
trollers are characterized by measuring an economic performance, instead of a distance
to a setpoint as in the stantad tracking formulation. This economic performance can be
measured by putting in the MPC cost function the real (possibly unreachable) target
or by minimizing a generic cost according to some economic criterion. This economic
MPC formulation has shown to provide better optimal performance with respect to the
setpoint (or the economic criterion considered) than the standard tracking formulation.
But when the economic criterion changes, the feasibility of the optimization problem
may be lost. In Chapter 7, an economic MPC for a changing economic criterion has
been presented. The main advantage of this controller is that it is able to provide the
optimality properties of the economic MPC, and at the same time ensure feasibility
under any change of the economic criterion, enlarging also the domain of attraction of
the controller.

Summarizing, the aim of this thesis has been to study the problem of changing
setpoint in system controlled by an MPC controller. The formulation proposed has the
great advantage of always ensuring feasibility under any changes of the setpoint. The
theoretical and simulated results provided, show that how this formulation can cope
with linear and nonlinear systems, large scale system, zone control problems, economic
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problems, ensuring in any case local optimality, recursive feasibility and asymptotic
stability.

8.2

Future work

In this section, some possible lines of research deriving from this thesis are presented.

Formulation of robust MPC for tracking controllers. The presence of disturbances
in real application is very common. Hence no control formulation can avoid this
problem. The controllers presented in this thesis can be all robustified using the
formulation presented in Chapter 4, or the well known tube-based formulation
(Mayne et al., 2006; Limon et al., 2010a). Another interesting research direction
would be the min-max formulation of the MPC for tracking.

Formulation of the economic MPC for a changing economic criterion, with termi-
nal inequality constraint. This formulation would allow to find a controller that
provide an even larger domain of attraction. It would be also interesting to find
a Lyapunov function, to prove asymptotic stability using Lyapunov arguments.

Formulation of the MPC for tracking target set for large scale systems. The zone
control problem are typical in process industries, as well as the presence of large
scale system. A possible new direction of research would be the formulation of
the distributed version of the MPC for tracking target sets.

Different distributed formulation of the MPC for tracking. In this thesis the
cooperative MPC formulation has been considered, for solving the distributed
problem. An interesting research direction would be studying different MPC
for tracking distributed formulations, like the noncooperative, the decentralized
or the game-theory based one. Another interesting line would be also studying
different ways of solving the target problem, instead of the centralized one.

Application to real plants. The results presented in the thesis are mainly theo-
retical and have been tested only in simulation. The application of the proposed
controllers to real plants, in order to verify the properties of the proposed con-
trollers, would be a natural consequence of this thesis.
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APPENDIX A

The four tanks process

In this appendix chapter, the system considered for the examples simulations of this
thesis is introduced.

A.1 The 4 tanks process

The four tanks plant (Johansson, 2000) is a multivariable laboratory plant of inter-
connected tanks with nonlinear dynamics and subject to state and input constraints.
One important property of this plant is that it can be configured to work at operation
points characterized by multivariable zeros (minimum and non-minimum phase). A
scheme of this plant is presented in Figure A.1(a). The inputs are the voltages of the
two pumps and the outputs are the water levels in the lower two tanks.

A real experimental plant developed at the University of Seville is presented in Figure
A.1(b). The real plant can be modified to offer a wide variety of configurations such
as one single tank, two or three cascaded tanks, a mixture process and hybrid dynam-
ics. Moreover the parameters that defined the dynamics of each tank can be modified
by tuning the cross-section of the outlet hole of the tank. The real plant has been
implemented using industrial instrumentation and a PLC for the low level control. Su-
pervision and control of the plant is carried out in a computer by means of OPC (ole
for process control) which allows one to connect the plant with a wide range of control
programs such as LabView, Matlab or an industrial SCADA. Additional information
on the quadruple tank process of the University of Seville are given in (Alvarado, 2007).

A state space continuous time model of the quadruple tank process system (Johans-
son, 2000) can be derived from first principles as follows
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(a) Scheme of the 4 tank process. (b) The real plant.

Figure A.1: The 4 tanks process.

% = —Z—ll 29h1+j—31 29h3+1—al% (A.1)
% - _sz 2gh2+Z—z 2gh4—|—zl—l;qb

% = —Z—z 29h3+(1;1—3%)%

% - —Z—i 2ghs + ;4%)%

The plant parameters, estimated on the real plant are shown in table A.1.

The minimum level of the tanks has been taken greater than zero to prevent eddy
effects in the discharge of the tank. One important property of this plant is that the
dynamics present multivariable transmission zeros which can be located in the right
hand side of the s plane for some operating conditions. Hence, the values of -, and -,
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have been chosen in order to obtain a system with non-minimum phase multivariable
Zeros.

Linearizing the model at an operating point given by h? and defining the deviation
variables x; = h; — hj and u; = ¢; — ¢j where j = a,band ¢ = 1,--- ,4 we have that:
[ _]_ A3 ] 7{1
- — 0
T1 0 am 0 Ay
dx 0o =L Ay 0 Qb
a = T2 . A27'4 :E—l— (lé?yb) u
0 0 = 0 " 0 ) I
—1 —Ya
I 0O 0 O = | v 0
(1000
= x
Y 0100
where 7, = A— ¥ >0,4=1,---,4, are the time constants of each tank. This
model has been discretized using the zero-order hold method with a sampling time of
5 seconds.
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Table A.1: 4 tanks plant parameters

’ ‘ Value ‘ Unit ‘ Description

Himaz 1.36 m Maximum level of the tank 1
Hopgx 1.36 m Maximum level of the tank 2
Hspox 1.30 m Maximum level of the tank 3
Hymax 1.30 m Maximum level of the tank 4
Hoin 0.2 m Minimum level in all cases
Qamaz 3.6 m3/h | Maximum flow of pump A
Qbmaz 4 m3/h | Maximum flow of pump B
Qmin 0 m3/h | Minimal flow

0 1.63 | m®/h | Equilibrium flow (Q,)

9 2.0000 | m3/h | Equilibrium flow (Qy)
a1 1.310e-4 | m? Discharge constant of tank 1
as 1.507e-4 | m? Discharge constant of tank 2
as 9.267e-5 | m? Discharge constant of tank 3
a4 8.816e-5 | m? Discharge constant of tank 4
A 0.06 m? Cross-section of all tanks
Ya 0.3 Parameter of the 3-ways valve
Yo 0.4 Parameter of the 3-ways valve
hY 0.6487 | m Equilibrium level of tank 1
h9 0.6639 | m Equilibrium level of tank 2
h$ 0.6498 | m Equilibrium level of tank 3
hg 0.6592 | m Equilibrium level of tank 4




APPENDIX B

Introduccion

Este capitulo tiene como fin poner en contexto la tesis desarrollada. Para ello, en primer
lugar se presenta la relevancia que, en el campo de la industria, tiene el problema del
control de sistemas sometidos a amplios cambios en el punto de funcionamiento. A
continuacion se hace un breve balance de las estrategias de control planteadas para la
solucionarlo, enfocandose en la estrategia que se considera adecuada para abordarlo: el
control predictivo. Seguidamente se hace un resumen de los controladores predictivos
y se presenta de forma sucinta el problema de la estabilidad con restricciones y como
el control predictivo soluciona dicha probleméatica. Para finalizar se presentan los
problemas de control que se pretenden resolver con el controlador predictivo propuesto
en esta tesis.

B.1 Motivaciéon y objetivos de la tesis

La forma de operar procesos en la industria ha experimentado avances significativos
durante los ultimos anos, guiados por la necesidad de producir de forma segura, limpia
y en condiciones competitivas, productos que satisfagan las necesidades del mercado,
tanto en cuanto a demanda como en cuanto a calidad y uniformidad. Dos razones
justifican este fendmeno: de un lado, la necesidad de dar respuesta a un mercado que en
funcion de sus habitos sociales y /o culturales se encuentra cada vez méas diversificado y
exige, ademas, productos sujetos a estrictos controles de seguridad, variedad y calidad.
De otro lado, la necesidad de propiciar un crecimiento sostenible minimizando tanto
el impacto medioambiental como el consumo de recursos. Ambos factores contribuyen
a que se desee producir de una mas eficiente satisfaciendo las exigencias y limites
impuestos a los productos.

Por lo tanto resulta deseable buscar técnicas que control que proporcionen leyes que
optimicen ciertos criterios de eficiencia garantizando al mismo tiempo la satisfaccion de
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los limites impuestos a los productos. Una de las pocas técnicas que permiten resolver
este problema es el control predictivo (Camacho and Bordons, 2004).

En la industria de procesos es habitual la existencia de un punto de operacion
o6ptimo o punto de funcionamiento en el cual el proceso deberia permanecer con el fin
de maximizar su eficiencia. Sin embargo, muchos procesos a lo largo de su normal
funcionamiento se ven sometidos a frecuentes cambios en su punto de funcionamiento,
de forma que para éstos no existe un punto de funcionamiento, sino méas bien un rango
de puntos de funcionamiento en cualquiera de los cuales el proceso puede operar durante
un periodo de tiempo. La seleccion del punto de operacion dentro de este rango se hara
conforme a la diversidad de productos, lotes o situaciones en las que la planta se pueda
encontrar.

La finalidad de este trabajo es el desarrollo de una estrategia de control avanzado de
procesos con puntos de operaciéon cambiantes en presencia de restricciones que permitan
una operacion eficiente, flexible e integral de forma que, haciendo un uso racional de
los recursos disponibles, se garantice de manera uniforme la seguridad y calidad del
producto.

B.1.1 El control de plantas con puntos de operacién cambiantes

El problema de control que se acaba de plantear se caracteriza por dos aspectos que los
condicionan. El primer aspecto se deriva del amplio rango de operacién que presentan
las plantas, el cual acentiia la naturaleza no lineal de sus dinamicas (implicita en las
ecuaciones constitutivas asociadas a los balances de materia, energia y cantidad de
movimiento) y el grado de incertidumbre (estructural y paramétrica) asociado a sus
representaciones en espacio de estados. Ademas en este tipo de plantas se caracteriza
habitualmente por dindmicas complejas, descritas por sistemas acoplados de ecuaciones
algebraicas, diferenciales ordinarias y ecuaciones en derivadas parciales.

A la naturaleza compleja del sistema se anade la presencia de restricciones en su ope-
racion. Estas restricciones pueden ser limites en las variables que permiten manipular
la plantas, asi como limites impuestos sobre variables del proceso y pueden derivar de
limites fisicos de las variables o bien de limites en las zonas de evolucién de la planta por
motivos econdémicos, medioambientales o de operacion. La presencia de restricciones
condiciona de forma notable el comportamiento de los sistemas acentuando su aspecto
no lineal, y pueden ser responsables de pérdidas de rendimiento, mal funcionamiento
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de la planta e incluso inestabilidad (Mayne, 2001).

La forma tradicional de resolver este problema consiste en el disenio de una estruc-
tura de control multi-nivel (Tatjewski, 2008). Esta estructura suele ser una estructura
jerarquica en el que un control a bajo nivel se encarga del control regulatorio de la
planta, generalmente realizada por PIDs o autématas programables interconectados en
red. Por encima de éste se encuentra el control de alto nivel en el que se implementa
una estrategia avanzada de control, generalmente multivariable. El controlador de alto
nivel determina las consignas de los controladores a bajo nivel para mantener el sis-
tema en el punto de operaciéon deseado. Este punto de operacion se determina por
un nivel de control superior en el que se implementa un optimizador en tiempo real
de las consignas, de acuerdo con los datos de la planta y en base a criterios econ6mi-
cos, provenientes del sistema de integracion de informacion de la planta (CIM). Esta
estructura se ilustra en la figura B.1. El control de alto nivel se suele disenar para
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Figure B.1: Estructura de control jerarquico.

regular el sistema en torno al punto de operaciéon y evitar la violacion de las restric-
ciones. Cuando el alto nivel indica un cambio de operacion el controlador debe hacer
frente a esta contingencia, conduciendo el sistema hacia el nuevo punto de operacion.
Esta operaciéon no es trivial, ya que pueden aparecer problemas ya sea por el cambio
de dindmica en el nuevo punto o bien por garantizar la satisfaccion de las restricciones
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en el transitorio al nuevo punto. Con el fin de gestionar cambios significativos en los
puntos de operacion, el control a alto nivel se suele dividir en dos subniveles (Becerra et
al., 1998): un subnivel inferior encargado de regular el sistema y un subnivel superior
encargado de la adaptacion del controlador al nuevo punto. Este esquema se ilustra en
la figura B.2 Dentro de este esquema se enmarcan por ejemplo los controladores adapta-
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Figure B.2: Estructura de control jerarquico con alto nivel adaptativo.

tivos (como el clasico gain scheduling de los aviones al variar la altura de vuelo). Otros
controladores de este tipo son los denominados controladores de referencias o reference
governors (Gilbert et al., 1994, 1999). Estos controladores corresponden al subnivel
superior y asumen que en el subnivel inferior se encuentra un controlador avanzado que
estabiliza la planta. Los controladores de referencias tienen como fin gestionar de forma
racional las referencias de un proceso con el fin de evitar la violacién de restricciones
cuando el valor deseado de la consigna cambia. Es de alguna forma una sofisticacion
del conocido filtro de referencias con el fin de evitar la violacion de restricciones. El
diseno de este tipo de controladores se hace sin atender a la eficiencia del proceso y con
el tnico fin de evitar la violacion de los limites. Este aspecto se trata en (Bemporad
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et al., 1997). Los controladores de referencias también se han extendido con éxito al
caso de dinamicas no lineales (Bemporad, 1998b; Angeli and Mosca, 1999; Gilbert and
Kolmanovsky, 2002).

Una de las estrategias de control avanzado que més éxito han tenido en la industrial
de procesos ha sido el control predictivo (Qin and Badgwell, 1997) pues incorpora un
criterio 6ptimo y restricciones en la ley de control. En el caso del control predictivo
existen formulaciones orientadas a gestionar grandes transiciones. Estos controladores
permiten grandes cambios en el punto de operacion y determinan las acciones de control
en base a un criterio de desempeno. Sin embargo, la garantia de estabilidad se basa en
una estructura jerarquica como la que se muestra en B.2 en la que el subnivel superior
se encarga de conmutar entre el controlador predictivo y el otro controlador orientado
a recuperar al sistema en caso de pérdida de factibilidad.

Otra forma de abordar este problema es el control integral en el que se estudian
estrategias de control avanzado (generalmente control predictivo) en el que se incorpo-
ran objetivos econémicos asociados a los cambios de operacion. Por lo tanto, parte de
la tarea de la optimizacion del proceso se traslada del optimizador de consignas, con
el fin de incorporar de alguna forma el coste asociado a las transiciones en la determi-
nacion del punto de operacién. En (Becerra and Roberts, 1996; Becerra et al., 1997,
1998) se plantean diferentes alternativas para la integracion en el control predictivo
con optimizacion en linea de objetivos econémicos, como solucién de un problema de
control multiobjetivo, donde se minimizan tanto los objetivos de regulaciéon como los
economicos. En (Vesely et al., 1998) se plantean los principios y propiedades bésicas
de un método factible para optimizacion de estado estacionario de sistemas complejos
de los dos niveles de un controlador jerarquico, de modo que el problema se resuelve a
través de la resolucion de ecuaciones algebraicas. Sin embargo, en la mayoria de estos
trabajos no se lleva a cabo un estudio de la estabilidad, robustez y convergencia de los
esquemas desarrollados, ni del efecto de la interaccion entre componentes.

En consecuencia, las estructuras jerarquicas con garantia de estabilidad y satisfac-
cion de restricciones producen un peor desempeno que un control integral debido a
su diseno independiente. Por otro lado las estructuras de control integral adolecen de
estudios de estabilidad y satisfaccion de restricciones. Por ello resulta deseable disenar
estrategias de control que permitan unificar la solucion de este problema de control
integral para grandes transiciones en un sélo nivel que garantice la estabilidad en pres-
encia de restricciones y tenga en cuenta la optimizacion de criterios de desempeno.

El control predictivo es una de las pocas estrategias que permite el control de sistemas
con restricciones atendiendo a un criterio 6ptimo y garantizando la estabilidad y con-
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vergencia al punto de equilibrio (Camacho and Bordons, 2004; Mayne, 2001; Rawlings
and Mayne, 2009). Por ello, se propone utilizar el control predictivo como estrategia
para abordar el problema que se propone. En la figura B.3 se observa que los dos
niveles de control de la estructura jerarquica se reemplazan por un sélo controlador
predictivo que realiza simultdneamente la tarea de la estabilizacion y del control al
nuevo punto de consigna.
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Figure B.3: Estructura de control integral.

El control predictivo basado en modelo ha concentrado el esfuerzo de numerosos
investigadores en los tltimos anos, avanzando notablemente las bases teoricas, la com-
prension del problema de control, el estudio de sus caracteristicas y limitaciones y
procedimientos de disefio estabilizante (Mayne et al., 2000; Rawlings and Mayne, 2009;
Limon, 2002). Ademas el control predictivo ha demostrado ser también una técnica
efectiva para el control robusto con restricciones (Mayne et al., 2000; Limon, 2002; De
Nicolao et al., 1996; Magni et al., 2001c; Fontes and Magni, 2003; Limon et al., 2005,
2006a). Como es bien sabido, el disefio estabilizante de los controladores se basa en el
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célculo de regiones invariantes (Blanchini, 1999; Bertsekas, 1972).

En el caso de sistemas lineales con o sin incertidumbres, existen controladores efi-
cientes que permiten controlar la planta con garantia de estabilidad y satisfaccion de
restricciones. En este caso se han propuesto técnicas para simplificar el problema de
optimizacion a resolver (Alamo et al., 2005) y permita una implementacion eficiente
en linea (Bemporad et al., 2002). Por otro lado también se han desarrollado técnicas
para el calculo explicito de la ley de control via la resolucion de un problema multi-
paramétrico.

En el caso de sistemas no lineales, el problema es mas complejo y requiere la solucién
de un problema de optimizacion no lineal (Camacho and Bordons, 2004). Para relajar
la carga computacional se han establecido condiciones para garantizar la estabilidad
en caso de soluciones suboptimas (Scokaert et al., 1999). El control predictivo robus-
tos para sistemas no lineales ha madurado mucho recientemente (Magni et al., 2001c;
Limon et al., 2006a, 2009a), pero su complejidad computacional hace que se considere
un problema atun sin cerrar. En este sentido la aplicacion de técnicas garantistas como
(Limon et al., 2005) resultan prometedoras.

B.2 El control predictivo basado en el modelo

La idea béasica del control predictivo es la optimizacion de un coste relacionado con
el comportamiento dinamico del sistema (Rawlings and Mayne, 2009), en el que se
penaliza tanto el error respecto al punto de equilibrio como el esfuerzo de control
necesario para alcanzar dicho equilibrio. Este coste se basa en la prediccion de la
evolucion futura del sistema, que se determina por medio de un modelo de tipo:

z(j +1) = fz()), u(j))

El coste que se pretende optimizar suele ser dado por:

=2

Vn(ziu) = > £(z(4),u(j)) + Vi(z(N)),

J

I
o

donde u(j) es la secuencia de acciones de control futuras calculadas en el instante k,
y x(j) es la prediccion de los estados futuros del sistema calculada en el instante k,
teniendo en cuenta que z(0) = z.

La funcién ¢(z,u) se denomina coste de etapa, mientras que la funcion Vi(z(N)) se
denomina coste terminal.



194 B.2. EI control predictivo basado en el modelo

La ley de control se obtiene optimizando el funcional de coste: la secuencia 6ptima
de acciones de control futuras u® es justamente la que minimiza el coste Vy(z;u), sin
violar las restricciones. El problema de optimizacion es un problema de programacion
matematica y se puede escribir de esta forma:

minVy(z,u)

s.t.
z(0) =z,
2+ 1) = f(f), uld)).
u(j) e U j=0,--,N—1
2(j) € X j=0,--- ,N—1
z(N) € Q

La restriccion en el estado terminal 2(N) se anade a fin de garantizar estabilidad.

En el control predictivo, la realimentacion se obtiene utilizando la técnica conocida
como horizonte deslizante: se aplica al sistema el primer elemento de la secuencia
6ptima u’, y la optimizacion se vuelve a repetir cada tiempo de muestreo. Le ley de
control es:

h(z) = u°(0; 2)

La ley de control obtenida en un controlador predictivo surge de la optimizacion
de un criterio relacionado con el comportamiento del sistema, en el que se penaliza
tanto el error respecto al punto de equilibrio como el esfuerzo de control necesario para
alcanzar dicho equilibrio. Contrariamente a lo que dicta el sentido comin, el hecho
de que la actuaciéon aplicada sea 6ptima no garantiza que el sistema en bucle cerrado
alcance el punto de equilibrio tal y como se desea. El problema de la estabilidad tiene su
origen en el desarrollo propio de los controladores predictivos: la necesidad de utilizar
un horizonte de prediccion finito e invariante en el tiempo y la estrategia de horizonte
deslizante. Por lo tanto, para evitar este problema, es preciso tener en cuenta algunas
condiciones en el disefio del controlador (Mayne et al., 2000; Rawlings and Mayne,
2009).

En la literatura del control predictivo existen diferentes formulaciones estabilizantes:

e MPC con restriccion terminal de igualdad: fue propuesto para garantizar es-
tabilidad del problema LQR con restricciones en (Kwon and Pearson, 1977) y
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extendido en (Keerthi and Gilbert, 1988) a sistemas no lineales. La estabilidad
se garantiza imponiendo como restriccion terminal
2(N) = &

donde z7 representa el estado de equilibrio deseado. En el caso de regulaciéon al
origen, esta condicion es equivalente a:

z(N)=0

En (Mayne and Michalska, 1990), se formula este controlador para sistemas en
tiempo continuo y se relajan las condiciones para garantizar la estabilidad. En
(Chisci et al., 1994; Bemporad et al., 1995) se extiende esta condicion a sistemas
lineales descritos por un modelo CARIMA, sin restricciones. En este caso, la
restriccion terminal se traduce en una condicion sobre las salidas y las entradas
del sistema.

e MPC con coste terminal: la estabilidad se logra incorporando en la funcion de
coste, un término que penalice el estado terminal mediante el denominado coste
terminal (Bitmead et al., 1990; Rawlings and Muske, 1993).

e MPC con restriccion terminal de desigualdad: la restriccion terminal de igualdad
se relaja, extendiendo la restriccion terminal a una vecindad del origen. Asi, se
establece una restriccion terminal de desigualdad de la forma

z(N) € Q

siendo el conjunto €2 el denominado conjunto terminal. Esta estrategia fue prop-
uesta en (Michalska and Mayne, 1993) para sistemas no lineales en tiempo con-
tinuo y sujeto a restricciones. En este trabajo, se elige como region terminal
un invariante positivo del sistema no lineal controlado por un controlador local.
Ademas, para garantizar la factibilidad se introduce como variable de decision el
horizonte de prediccion. El controlador asi formulado garantiza que conduce al
sistema a la regiéon terminal, donde el sistema pasa a regularse por el controlador
local que lo estabiliza al origen. De ahi que este controlador se denomine contro-
lador MPC dual. Las bondades de esta formulacién son tan notables, que marco
las futuras lineas de investigacion en estabilidad.

e MPC con coste y restriccion terminal: esta es la estructura en la que se enmarcan
las mas recientes formulaciones del MPC. El primer trabajo en el que se garantiza
estabilidad incorporando ambos ingredientes es en (Sznaier and Damborg, 1987)
en el cual, para sistemas lineales sujetos a restricciones politopicas, se considera
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como controlador local el LQR y como region terminal un invariante asociado. En
este trabajo se demuestra que para cada estado, existe un horizonte de prediccion
suficientemente largo, tal que la solucion 6ptima garantiza la satisfaccion de la
restriccion terminal, lo que permite eliminarla. En (De Nicolao et al., 1998) se
propone como coste terminal el coste infinito incurrido por el sistema controlado
por el controlador local. En (Magni et al., 2001a), se propone una formulacion
implementable del controlador predictivo anterior. Se basa en considerar como
funcion de coste terminal una aproximacion truncada del coste infinito. Pero lo
més destacable de este trabajo es que considera un horizonte de prediccion mayor
que el de control gracias a la incorporacion del controlador local.

Todas las formulaciones de control predictivo con estabilidad garantizada se anal-
izan en (Mayne et al., 2000). En este trabajo se analizan las formulaciones existentes
de controladores predictivos con estabilidad garantizada y se establece que el control
predictivo con coste terminal y restriccion terminal puede, bajo ciertas condiciones,
estabilizar asintoticamente un sistema no lineal sujeto a restricciones. Ademés se es-
tablecen condiciones suficientes sobre la funcién de coste terminal y la region terminal
para garantizar dicha estabilidad. Estas condiciones son las siguientes:

e La region terminal (2 debe ser un conjunto invariante positivo admisible del sis-
tema. Es decir, que debe existir una ley de control local u = h(z) tal que
estabiliza el sistema en {2 y ademaés la evolucion del sistema y las actuaciones en
dicho conjunto son admisibles.

e El coste terminal V() es una funcién de Lyapunov asociada al sistema regulado
por el controlador local, tal que

V(f(z, b)) = V(z) < —l(z, h(z))

para todo x € ). Por lo tanto, la ley de control local estabiliza asintoticamente
el sistema.

Bajo estas condiciones se garantiza que el coste 6ptimo es una funcién de Lyapunov:
el hecho de que () sea un conjunto invariante garantiza la factibilidad del controlador
en todo instante, mientras que la condiciones sobre el coste terminal garantizan la
convergencia. Todo esto garantiza la estabilidad asintdtica del sistema en bucle cerrado
con restricciones.
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B.2.1 El problema del cambio de referencia en el contexto de
los controladores predictivos

Como se coment6 previamente, en la estructura de control industrial un optimizador de
consignas es el responsable de proveer el punto de trabajo de la planta, de tal forma que
si el punto de trabajo cambia, el controlador a bajo nivel debe realizar dicho cambio. La
solucion clasica es trasladar el problema al nuevo punto de trabajo (Muske and Rawl-
ings, 1993). En ausencia de restricciones, esta solucion siempre es valida. Cuando el
problema presenta restricciones, pueden aparecer problemas de perdida de factibilidad
o estabilidad. Por lo tanto es necesario un estudio adecuado de este problema.

Un control 6ptimo con horizonte infinito que considere restricciones podria ser una
soluciéon vélida, pues realizaria el cambio de referencia de forma admisible. Pero este
tipo de controladores no son implementables debido a que un horizonte infinito implica
un nimero infinito de variables de decision. Asi que habra que utilizar un control
predictivo con horizonte finito para resolver el problema. El problema con este tipo de
controladores es que un cambio de referencia puede producir una perdida de la factibil-
idad del problema de optimizacion por una de las siguientes causas: (i) la restriccion
terminal calculada para un cierto punto de equilibrio puede no ser un invariante admis-
sible para el nuevo punto de equilibrio, lo que puede provocar la perdida de factibilidad
y (ii) la region terminal para el nuevo punto de operacion podria no ser alcanzable en
N pasos, lo que haria de nuevo, perder la factibilidad del problema. Esto requeriria el
recélculo del horizonte para recuperar la factibilidad, por lo que un cambio de referencia
conllevaria el rediseno on-line del controlador, lo que no sera siempre posible.

Ejemplo B.1 Considérese el siguiente sistema LTI:

11 0.0 0.5
A‘{o 1]’3_{1.0 0.5]’0_[1 0]

sujeto a las siguientes restricciones en el estado y en el control: ||z||e <5 y [Julle <
0.3. Tomese un controlador predictivo con matrices de ponderacion del coste de etapa
Q = ]2 Yy R = IQ.

En la figura B.4 se muestra el problema de la perdida de la factibilidad cuando se
produce un cambio de referencia. Supongamos que la planta se encuentra en el punto
xo y el estado de referencia es m1, Oux(r1) es el mdzimo invariante para el sistema
controlado por la ley de control u = K(x — x1) + w1 ((x1,u1) es el estado y la accion
de control del sistema en equilibrio en el estado de referencia r1). Dicho conjunto es
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también la restriccion terminal para nuestro MPC' con horizonte N = 3, luego la region
de atraccion serd Xs(ri). Supdngase que en este instante se cambia la referencia al
punto . La region terminal ya no es vdlida puesto que Oy (r1) trasladado al punto
de referencia ro es un invariante no admisible (las restricciones serian violadas clara-
mente) lo que nos lleva a una posible perdida de factibilidad. Por otro lado el punto xg
no pertenece a la region de atraccion X3(re) con horizonte N = 3. Habria que cambiar
el horizonte a N = 6 para recuperar la factibilidad.

251

051

Figure B.4: Pérdida de la factibilidad debido a una regiéon terminal no admisible o a
un horizonte insuficiente.

Resumiendo, un cambio de referencia puede producir la perdida de la factibilidad
debido a una region terminal no admisible o a un horizonte insuficiente.

B.2.2 El control predictivo y el problema del seguimiento de
referencias

Con objeto de superar estos problemas se han propuesto varias soluciones, en (Rossiter
et al., 1996; Chisci and Zappa, 2003) se utiliza un controlador auxiliar que es capaz
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de recuperar la factibilidad en tiempo finito cuando esta de pierde por un cambio de
referencia, es pues una estrategia de conmutacion. Otra posible solucién es la propuesta
por (Pannocchia and Kerrigan, 2005; Pannocchia, 2004) considerando el cambio de
referencia como una perturbacion a rechazar. De esta forma este controlador es capaz
de llevar el sistema al punto deseado pero solo cuando las variaciones en la referencia
son pequenas. Es por lo tanto, una soluciéon conservadora.

Un enfoque diferente es el que se le da a este problema en el contexto de los con-
troladores de referencia (Gilbert et al., 1999; Bemporad et al., 1997). Esta técnica de
control asume que el sistema estd estabilizado de forma robusta por un controlador
local, y se disena un filtro de referencia no lineal para la satisfaccion robusta de las
restricciones. Este tipo de controlador es capaz de seguir los cambios de referencia sin
considerar el desempenio y la region de atraccion de dicho controlador. En (Findeisen
et al., 2000) se propone un controlador predictivo para familias de puntos de operacion
basado en pseudolinearizacion y en una parametrizacion de los puntos de equilibrio.

En (Limon et al., 2008a) se propone una nueva formulacién del control predictivo
para seguimiento de referencia, que permite mantener la factibilidad para cualquier
cambio de punto de operacion. Las principales caracteristicas de este controlador son:
un punto de equilibrio artificial considerado como variable de decisién, un coste que
penalice la distancia entre la trayectoria predicha y el punto de equilibrio artificial, un
coste adicional que penalice la distancia entre el punto de equilibrio artificial y el punto
de equilibrio deseado, llamado coste de offset, y una restriccion terminal extendida, el
conjunto invariante para tracking. Este controlador garantiza estabilidad y factibilidad
recursiva para cualquier cambio de referencia. Este controlador soluciona el problema
de fectibilidad y estabilidad del MPC ante cambios de punto de operaciéon, pero el
desempeno del sistema controlado puede verse afectado (Alvarado, 2007).

En el caso de sistemas no lineales, el problema de cambio de referencia ha sido
tratado en (Magni et al., 2001a, 2002; Magni and Scattolini, 2005). En particular, en
(Magni et al., 2001a) se presenta un algoritmo para sistemas no lineales basado en
realimentacion de la salida, capaz de resolver el problema del seguimiento de senales
exogenas, rechazando perturbaciones asintoticamente. En (Magni and Scattolini, 2005)
se presenta un algoritmo caracterizado por la presencia de un integrador antes del
sistema, a fin de garantizar la soluciéon del problema de seguimiento asintoticamente.
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B.3 Formulaciones robustas de control predictivo

La forma habitual de considerar las incertidumbres en el control predictivo es incor-
porando todas las posibles realizaciones de éstas en la solucion del problema de op-
timizacion. Notese que las restricciones en la evolucion de los estados se deben sat-
isfacer de una forma robusta, es decir, para todas las posibles realizaciones de las
incertidumbres. La incorporaciéon de restricciones en el estado complica notablemente
el problema, pero, ain en el caso en el que no haya restricciones sobre los estados,
la restriccion terminal siempre esti presente en el problema de optimizacion pues se
anade para garantizar la estabilidad del controlador.

El coste a optimizar puede basarse en las predicciones nominales del sistema o
bien considerar el efecto de las incertidumbres tomando, por ejemplo, la peor situacion
posible. Esto da lugar a la denominada formulacion min-max (Fontes and Magni, 2003;
Limon et al., 2006a; Mayne, 2001). Otra formulacion consiste en anadir un término
en la funcion de coste de etapa que pondera la posible incertidumbre, como en la
formulacion Hy,.

Esta forma de considerar las incertidumbres es intuitiva y razonable, pero puede
conducir a soluciones muy conservadoras. Este conservadurismo radica en la naturaleza
misma del control predictivo: la prediccion en bucle abierto. Este aspecto da lugar a la
denominada formulacion en bucle cerrado y fue introducida en (Scokaert and Mayne,
1998; Lee and Yu, 1997) en el contexto del min-max. En esta formulacion, el problema
de control no esta planteado en términos de una secuencia de actuaciones, sino de una
secuencia de leyes de control lo cual hace que el problema de optimizaciéon implicado sea
infinito-dimensional. En consecuencia, estos controladores constituyen una herramienta
meramente teorica (Mayne et al., 2000).

Dentro del control predictivo en bucle cerrado se pueden considerar otras formula-
ciones como por ejemplo el trabajo presentado en (Kothare et al., 1996). En éste se
propone un controlador que estabiliza una planta incierta tal que se puede expresar
en cada instante como una combinacién convexa de una serie de plantas lineales y
que presenta restricciones en los estados y en las actuaciones. En esta formulacion se
considera como variable de optimizacién un controlador lineal que estabiliza todas las
plantas y se puede plantear como un LMI que se resuelve en cada instante.

También se pueden considerar dentro de los controladores en bucle cerrado los
trabajos (Bemporad, 1998a) y (Chisci et al., 2001) en los cuales se parametriza la
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ley de control con una ley de control que estabiliza la planta nominal. El controlador
predictivo por lo tanto se formula con predicciones nominales y restricciones politopicas
que se contraen a lo largo del horizonte de prediccion. Recientemente en (Mayne et al.,
2005) se ha aprovechado esta idea para disenar un controlador robusto prealimentado
basado en la nocion de tubo (Langson et al., 2004). Ademas, en (Chisci and Zappa,
1999) se anade una restriccion adicional con el fin de garantizar la satisfaccion robusta
de las incertidumbres. Esta idea se generaliza al caso no lineal en (Kerrigan, 2000),
donde se analiza utilizando la teoria de conjuntos invariantes la satisfaccion robusta de
las restricciones.

En (Limon et al., 2009a) se presenta el concepto de estabilidad entrada estados
como técnica para la andlisis de estabilidad robusta de controladores predictivos, y se
estudian diferentes controladores existentes en literatura.

B.4 El control predictivo por zonas

En muchos casos, el punto de operaciéon econémico no estd dado por un punto fijo,
sino mas bien por una region en la cual la salida del sistema deberia permanecer la
mayoria del tiempo. En general, debido a las necesidades en las operaciones, las salidas
de un proceso se pueden distinguir en dos categorias: (i) controladas en un punto de
operacion, (ii) salidas controladas en un intervalo de operacion. Por ejemplo, el ritmo
de produccion o la calidad de producto pueden caer en el primer grupo, mientras
que variables de proceso, como temperaturas, presiones, o niveles, se configuran en
la segunda categoria. Las razones que determinan la importancia de trabajar con
intervalos de operacion, estdn relacionadas con los grados de libertad del proceso: en
general, las zonas de operacion aparecen siempre cuando no hay suficientes variables
manipulada respeto a las controladas. A nivel de concepto, los intervalos en las salidas
de procesos no se deben de interpretar como restricciones en las salidas, pues se trata
de condiciones de equilibrio que se pueden despreciar temporalmente, mientras que las
restricciones se deben siempre satisfacer. Ademaés, la determinaciéon de zonas de salidas
esta relacionada con la determinacién del punto de operaciéon de equilibrio del proceso,
y por lo tanto no se trata de un problema sencillo. La compatibilidad del conjunto de
entradas admisibles y de salidas deseadas necesita también un cuidado particular. En
(Vinson and Georgakis, 2000) y (Lima and Georgakis, 2008), por ejemplo, se define un
indice de operabilidad, que determina qué parte de la regiéon de salida se puede alcanzar
con el conjunto de entradas disponible, teniendo en cuenta las posibles perturbaciones
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que se presenten. En la practica, los operadores de plantas de proceso, no estan al
tanto de la presencia de estas zonas de operacion, y puede ocurrir que se escojan zonas
no admisibles o no alcanzables.

En la literatura, se ha propuestos diferentes enfoques para el problema del control
por zonas. (Qin and Badgwell, 2003) describe diferentes controladores industriales que
siempre permiten la opcion del control por zonas. En este trabajo, se presentan dos
maneras de solucionar el problema del control por zonas: 1) definiendo restricciones
blandas, y 2) usando la aproximacion de punto de equilibrio de restricciones blandas
para determinar las cotas superiores e inferiores de los intervalos (el conocido algo-
ritmo DMC-plus). El principal problema de esos controladores industriales es la falta
de pruebas de estabilidad. Un segundo ejemplo de control por zonas es el trabajo pre-
sentado en (Zanin et al., 2002), cuyo enfoque de control se aplica a un sistema FCC.
La estrategia de control propuesta en este trabajo presenta buenas prestaciones, pero
para ella no se puede demostrar estabilidad, pues el sistema de control conmuta con-
tinuamente de un controlador a otro. Un controlador predictivo por zonas, estable en
bucle cerrado se presenta en (Gonzalez and Odloak, 2009). En este trabajo se presenta
un controlador incorpora puntos de equilibrio econémicos de referencia en el funcional
de coste, teniendo en cuenta la presencia de zonas de salida. La clasica demostracion
de estabilidad se extiende al caso de las zonas de operacion, asumiendo estabilidad
del sistema en bucle abierto. Al problema de optimizacion se anade un conjunto de
variables de holgura, para garantizar convergencia y factibilidad recursiva. Este con-
trolador esta disenado para sistemas estables en bucle abierto, y no permite obtener
optimalidad local, puesto que se considera un controlador local nulo. Una extension
de esta estrategia de control al caso robusto se presenta en (Gonzélez et al., 2009).

B.5 Optimizaciéon de prestaciones econémicas

Como se comentd previamente, la estructura estandar de los sistemas de control in-
dustrial se caracteriza por la presencia de dos niveles. El primer nivel realiza una opti-
mizacion para el calculo del punto de operacion y se suele denominar de Optimizador
en Tiempo Real (RTO). El RTO determina el punto de operacion 6ptimo y lo envia
a la segunda capa, el sistema de control avanzado, donde se realiza la optimizacién
dindmica. En muchos procesos, el control predictivo es la estrategia de control que se
utiliza para este nivel (Rawligns and Amrit, 2009).
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Los problemas de esta estructura jerarquica se relacionan con el papel que tiene el
RTO. Las optimizaciones que se realizan en esta capa se suelen basar en un modelo
estatico de la planta. En cada instante de muestreo se optimiza un criterio econémico,
con el objetivo de hallar el mejor punto de equilibrio para el modelo estatico. EIl re-
sultado de la optimizacion se envia al controlador avanzado como punto de operacién.
El problema es que este punto de operacion suele ser inconsistente o no alcanzable, y
eso ocurre por las inconsistencias entre el modelo estacionario del RTO y el modelo
dinamico del usado para la regulacion. En (Rao and Rawlings, 1999) los autores pro-
ponen métodos para resolver est problema y hallar el punto de equilibrio mas cercano
al punto de operacion no alcanzable determinado por el RTO.

Un tema muy estudiado tultimamente en la comunidad académica es el diseno de
controladores econémicos. Estos controlador se definen de esta manera en cuanto
la optimizaciones que realiza el RTO no estan basadas en el modelo dindmico del
sistema, si no mas bien en un criterio econdémico que tenga en cuenta de la demanda
de produccién del sistema. Por lo tanto, los punto de operacion 6ptimos que el RTO
calcula no tienen porque coincidir con el punto de equilibrio dinamico del sistema
(Kadam and Marquardt, 2007).

En (Rawligns and Amrit, 2009) ademéas se subrayan las ventajas de realizar las
optimizaciones econémicas en el mismo controlador de alto nivel, en particular un
controlador predictivo. Los autores primero estudian el caso de puntos de operacion
no alcanzables y demuestran como muchas veces lo 6ptimo no es alcanzar rapidamente
el punto de equilibrio. Ademas, en este trabajo se considera el caso de substituir el
clasico funcional de coste del predictivo, con un funcional que minimice algin criterio
economico. En (Rawlings et al., 2008) se presenta un controlador predictivo estable
para el caso de puntos de operacion no alcanzable. (Wiirth et al., 2009) propone
un controlador econémico a horizonte infinito que garantiza estabilidad. En (Diehl
et al., 2011) y (Huang et al., 2011) se proponen unos controladores economicos que
demuestran estabilidad usando funciones de Lyapunov.

B.6 Sistemas de gran escala

Las plantas en la industria de procesos suelen ser sistemas de gran escala, caracteri-
zados por diferentes unidades interconectadas entre ellas. Por lo tanto, esas plantas
se pueden dividir en diferentes subsistemas que comunican entre ellos por medio de
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redes de distinta naturaleza, sea por ejemplo de materiales, energias y flujos de infor-
maciones (Stewart et al., 2010). El control total de esas plantas usando controladores
centralizados - un solo agente controlando todos los subsistemas - es dificil de re-
alizarse. No se trata s6lo de un problema computacional. De hecho hoy en dia, la
gran potencia computacional de las maquinas, asi como la existencia de algoritmos de
optimizacién rapidos, hacen que el control centralizado sea una tarea realizable incluso
para problemas grandes. (Bartlett et al., 2002; Pannocchia et al., 2007). Puesto que
cada subsistema realiza una tarea diferente, a veces en la ejecucion de sus operaciones
cada subsistema debe despreciar las informaciones de los otros subsistemas. En otras
ocasiones, el intercambio de informaciones entre los distintos subsistemas juega un pa-
pel importante en las prestaciones Optimas de la planta. Por lo tanto, el verdadero
problema es la organizaciéon y el mantenimiento del controlador centralizado.

Otra estrategia de control muy utilizada, es el control descentralizado. En este caso,
cada subsistema se controla independientemente, sin algtin intercambio de informacion
entre los diferentes subsistemas. La informacion que fluye en la red se considera como
una perturbacion (Huang et al., 2003; Sandell Jr. et al., 1978). El inconveniente de
esta formulacion son las perdidas de informacion cuando la conexion entre subsistemas
es muy grande (Cui and Jacobsen, 2002).

Hoy en dia, unos de los temas mas discutidos en la comunidad cientifica del con-
trol automatico es el control distribuido. Se trata de una estrategia de control basada
en diferentes agentes controlando los diferentes subsistemas, que pueden o no inter-
cambiar informaciones entre ellos. En literatura, hay diferentes estrategias de control
propuestas. La diferencia entre ellas estd en la forma en que se tratan las informa-
ciones. En el control distribuido no cooperativo, cada agente toma decisiones sobre su
propio subsistema considerando solo localmente las informaciones de los otros subsis-
temas (Camponogara et al., 2002b; Dunbar, 2007). Esta estrategia de control se suele
denominar también de juego dindmico no cooperativo, y las prestaciones de la planta
suelen converger a un equilibrio de Nash (Bagar and Olsder, 1999). Los controladores
distribuidos cooperativo, por otro lado, consideran el efecto de todas las acciones de
control sobre todos los subsistemas de toda la red. Cada agente optimiza un coste
global, como por ejemplo un coste centralizado. Por lo tanto, las prestaciones de estos
controladores convergen a un equilibrio de Pareto, como en el caso centralizado.

El control predictivo es una estrategia de control muy utilizada también en el marco
del control distribuido (Rawlings and Mayne, 2009, Chapter 6). En (Magni and Scat-
tolini, 2006) se presenta un controlador predictivo no lineal, que se caracteriza por la
ausencia de intercambio de informaciones entre agentes. Una demostracion de estabil-
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idad entrada-estado se provee en (Raimondo et al., 2007b). En (Liu et al., 2009, 2008)
los autores presentan un controlador para sistemas en red, basado en control predic-
tivo. En (Venkat et al., 2007; Stewart et al., 2010) se propone una estrategia de control
predictivo distribuido cooperativo, caracterizada por un algoritmo de resolucion del
problema de optimizaciéon suboptimo.

B.7 Contribuciones de la tesis

En este trabajo de tesis se ha abordado el anélisis y diseno de controladores predictivos
con punto de operacion cambiante basados en (Limon et al., 2008a). Esta formulacion
se ha extendido a controladores predictivos 6ptimos, control por zonas, control dis-
tribuido, control predictivo no lineal y econoémico, como se detalla a continuacion.

B.7.1 Control predictivo para tracking con prestaciones Opti-
mas en bucle cerrado

En el capitulo 2 se presenta una mejorada formulacion del MPC para tracking (Limon
et al., 2008a). El controlador propuesto hereda las caracteristicas principales de MPC
para tracking (Limon et al., 2008a), que son:

e Puntos de equilibrio artificiales considerados como variable de decision.

e Un funcional de coste que minimiza el error entre estado actual y punto de equi-
librio artificial.

e Un término adicional anadido a la funcién de coste, que penaliza la desviacion
entre la referencia y la referencia artificial (el coste de offset).

e Se considera como restriccion terminal en el estado y en la referencia artificial,
un invariante para tracking.

En ese capitulo, el MPC para tracking se extiende considerando un coste de offset
genérico. Bajo algunas condiciones suficientes, este coste garantiza la propiedad de la
otpimalidad local, proveyendo al controlador prestaciones 6ptimas en bucle cerrado.
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Ademas, el capitulo presenta una caracterizacion de la region de optimalidad local y
una manera para calcularla de bajo coste computacional.

Esta nueva formulacion permite considerar cualquier conjunto de variables de pro-
ceso como referencia objetivo, de manera que el controlador resulta apto para plantas
no cuadradas. Ademas, el controlador propuesto se aplica a los casos de puntos obje-
tivos inconsistentes con el modelo de prediccion o con las restricciones. En ese caso, el
controlador lleva el sistema al punto de equilibrio admisible que minimice el coste de
offset.

B.7.2 Control predictivo para control por zonas

En el capitulo 3 se presenta la extensién del MPC para tracking al problema del control
por zonas. El controlador se formula como un control en el que se pretende alcanzar
un conjunto objetivo, que define las zonas de operacion. En particular, se formula
un coste de offset que explota el concepto de distancia a un conjunto. EIl contro-
lador propuesto garantiza factibilidad recursiva y convergencia al conjunto objetivo
para cualquier planta estabilizable. Esta propiedad se cumpla para cualquier clase de
conjunto objetivo convexo, o variante en el tiempo. En el capitulo ademas se pro-
ponen 3 formulaciones para lidiar con conjuntos objetivos poliédricos, que permiten
resolver el problema de optimizacion en la forma de la programacién cuadréatica. Una
de esas formulaciones permite considerar puntos objetivo o conjuntos objetivo al mismo
tiempo.

B.7.3 Control predictivo robusto basado en predicciones nom-
inales

El tema del capitulo 4 es el problema del control predictivo para tracking robusto. Se
propone un controlador basado en predicciones nominales. Este controlador es una
extension del controlador presentado en (Ferramosca et al., 2010a) y en el capitulo 3
al caso de la presencia de incertidumbres aditivas. El controlador propuesto explota
los resultados presentados en (Chisci et al., 2001). La planta se asume lineal y las
incertidumbres aditivas acotadas. El controlador propuesto garantiza factibilidad para
cualquier cambio de conjunto objetivo y convergencia a un entorno del objetivo, si este
es admisible. En el caso contrario, el controlador lleva el sistema al punto de equilibrio
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6ptimo mas cercano (con respeto al coste de offset).

B.7.4 Control predictivo distribuido para tracking

En el capitulo 5 se propone una estrategia de control predictivo distribuido para sis-
temas lineales. En particular, el controlador predictivo para tracking presentado en el
capitulo 2 se extiende al caso de sistemas distribuidos de larga escala.

Entre las diferentes soluciones presentes en literatura, el capitulo se centra en par-
ticular en la formulacion del control predictivo distribuido cooperativo presentada en
(Rawlings and Mayne, 2009, Capitulo 6), en (Venkat, 2006) y en (Stewart et al., 2010).
En esa formulacion, los agentes comparten un objetivo de control comin, que se puede
considerar como el objetivo de control de la planta. Por lo tanto, cada agente calcula
su secuencia de acciones de control 6ptimas minimizando el tinico funcional de coste
de forma distribuida. La estabilidad de los controladores se demuestra por medio de la
teoria del control predictivo suboptimo (Scokaert et al., 1999). Convergencia al punto
objetivo y factibilidad recursiva se garantizan por medio del calculo centralizado de la
referencia y de un especifico algoritmo de inicializacion.

B.7.5 Control predictivo para tracking de sistemas no lineales
sujetos a restricciones

En el capitulo 6 se trata el problema del diseno de un controlador predictivo para
seguimiento en caso de sistemas no lineales sujetos a restricciones.

El controlador propuesto en ese capitulo hereda las caracteristicas principales del
controlador presentado en el capitulo 2. En particular, de particular interés resulta ser
el problema del calculo de los ingredientes terminales. Se proponen tres formulaciones
del mismo controlador, respectivamente relativas a los tres casos de restricciéon termi-
nal de igualdad, restriccion terminal de desigualdad, control predictivo sin restriccion
terminal.

En particular, para la formulacion con restriccion de igualdad, se propone un método
basado en el modelado LDI - inclusiones de diferencias lineales - de las plantas propuesto
en (Wan and Kothare, 2003a,b).
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B.7.6 Control predictivo econémico para objetivos econdémicos
cambiantes

En (Rawlings et al., 2008) y (Diehl et al., 2011) se propone una nueva formulacion de
control predictivo, que considera un funcional de coste basado en objetivos econémicos,
en lugar del clasico funcional basado en errores de tracking. En (Rawlings et al.,
2008) y (Diehl et al., 2011) los autores demuestran que ese controlador estabiliza el
sistema en un punto de equilibrio 6éptimo desde el punto de vista del criterio econdémico
considerado, y provee mejores prestaciones con respeto al objetivo que los estandar
controladores para tracking.

Si el objetivo econémico cambia por variacion de la demanda, capacidad de pro-
duccion, etc., el punto de equilibrio 6ptimo puede que cambie, y en virtud de ello se
puede perder la factibilidad del controlador. En el capitulo 7 se presenta un contro-
lador predictivo econémico para objetivos econénmicos cambiantes. Ese controlador es
una formulacion hibrida entre el control predictivo para tracking (Limon et al., 2008a;
Ferramosca et al., 2009a) y el controlador predictivo econémico (Rawlings et al., 2008;
Diehl et al., 2011), dado que hereda la factibilidad garantizada para cualquier cambio
del objetivo del primero, y la optimalidad con respeto al objetivo del segundo.
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